Unique Cartan decomposition for IIi factors 
arising from arbitrary actions of free groups 

BY SORIN POP^ll AND StEFAAN VAE^ 
Abstract 

We prove that for any free ergodic probability measure preserving action F„ r\ {X, /i) of 
a free group on n generators F„, 2 < n < oo, the associated group measure space IIi 
. . ^ factor L°°{X) xi F„ has L°°(X) as its unique Cartan subalgebra, up to unitary conjugacy. 

. We deduce that group measure space IIi factors arising from actions of free groups with 

different number of generators are never isomorphic. We actuaUy prove unique Cartan 
. decomposition resuhs for IIi factors arising from arbitrary actions of a much larger family 

. ' of groups, including all free products of amenable groups and their direct products. 

CN ■ 1 Introduction and main results 

. A crossed product type construction due to Murray and von Neumann |MvN36] associates to 

I any free ergodic probability measure preserving (pmp) action F r% {X, n) of a countable group 

' r, a III factor denoted L°°(X) x V and called the group measure space algebra oiV r\ X. A 

. more general, groupoid-version of this construction associates a IIi factor UR, to any countable 

\ ergodic pmp equivalence relations TZ on (X, /i) ( [FM75j ) . The two algebras coincide vi^hen IZ is 

given by the orbits of the free ergodic action T rx X, showing that group actions having the 
same orbits give the same IIi factor. Moreover, both L°°(X) x V and L7^ contain L°°(X) as 
, a Cartan subalgebra, i.e. a maximal abelian *-subalgebra whose normalizer generates the IIi 

J> I factor, while by |FM75j two countable ergodic pmp equivalence relations 7^i,7^2 are isomorphic 

iff there exists an isomorphism of the associated IIi factors taking the corresponding Cartan 
. subalgebras one onto the other. 

The classification of the algebras L°°{X) x F, LTZ in terms of their building data, T r\ X , TZ, is 
a notoriously hard problem which, over the years, has led to a fruitful interplay between oper- 
ator algebras and functional analysis, group theory (geometric, measured, etc), representation 
theory. Lie group theory, ergodic theory, etc. 

The dichotomy amenable-nonamenable is particularly strong in this framework: by a celebrated 
^ ■ theorem of Connes |Co75j . all IIi factors L°°(X) x F, hTZ with T,TZ amenable are isomorphic 

(in fact, by |CFW8l] . there is just one amenable equivalence relation TZl); but nonamenable 
group actions "tend to be" recognizable from the isomorphism class of their associated algebra. 
In fact, the prevailing point of view in recent years has been to approach the nonamenable case 
of this classification problem as a rigidity paradigm, seeking to prove that an isomorphism of 
group measure space IIi factors forces the corresponding building data (e.g., F, TZ) to share 
some common properties, or even coincide. 

There has been intense activity in this direction over the last decade, with the emergence of new 
tools of investigation and the discovery of many surprising rigidity results. But one of the most 
intriguing questions in this area, asking whether an isomorphism L°°{X) x F„ ~ h°°{Y) x F^, 
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arising from two arbitrary free ergodic pmp actions ¥n r\ X, r\Y of the free groups with 
n and respectively m generators, forces n = m, has remained open. There was supporting 
evidence for this conjecture from results in |Po01) and |OP07j . showing that this is indeed the 
case if the two actions are either HT or compact. But this was not known for other actions, 
such as the Bernoulli actions F„ r\ [0, l]'^". 

We solve this problem here, in the affirmative. More precisely, we prove that any group measure 
space III factor M = L°°(X) x F„, arising from an arbitrary free ergodic pmp action F„ r\ X, 
"remembers" the associated equivalence relation TZy„- We do this by showing that M has 
unique Cartan subalgebra, up to conjugacy by a unitary in M. This in turn reduces the 
problem to whether equivalence relations arising from free ergodic pmp actions of free groups 
with different number of generators are always non-isomorphic, which does hold true by a well 
known result in |Ga99j . [GaOlj . Note that our result gives an answer to the wreath product 
version of the famous free group factor problem: if L(Z I F„) ~ L(Z I ¥m) then n = m. 
In fact, by combining our theorem with the work in [ Bo09al IBo09b| . we obtain a complete 
classification of the amplifications of IIi factors arising from Bernoulli actions of free groups, 
(L°°([0, l]'^") X F„)*, for which we show that the number (n — l)/t is a complete invariant. 

Note that our result provides the first groups V with the property that any group measure 
space III factor L°°(X) xi F, arising from an arbitrary free ergodic pmp F-action, has unique 
Cartan subalgebra, up to unitary conjugacy, a class of groups that we call C-rigid. Indeed, 
the results in [O P07j . which were the first to provide a class of factors with unique Cartan 
decomposition up to unitary conjugacy, only covered group measure space IIi factors arising 
from profinite actions of F„. 

We in fact prove C-rigidity for much larger classes of groups F than the free groups. For 
instance, we show that any weakly amenable group F with nonzero first £^-Betti number, 
I3^\t) > 0, is C-rigid. We conjecture that in fact any F with at least one nonzero ^^-Betti 
number, /3n\r) > 0, is C-rigid. Note that if this conjecture would be true then, since the l'^- 
Betti numbers of groups are invariant under orbit equivalence (cf. [GaOlj ). it would follow that 

(2) 

I3n (F) are isomorphism invariants for arbitrary group measure space IIi factors L°^(X) x F. 

There is further supporting evidence for the above conjecture. For instance, in |PV09j we 
proved that a fairly large class of free product groups F = Fi * F2, including all those where 
Fi is an infinite property (T) group and F2 is nontrivial, has the property that L°°(X) x F 
has a unique group measure space Cartai^ subalgebra for any F-action. We call groups F with 
this property Cg^s-rigid. More generally, it was established in [CPlOj that all groups that have 
at the same time a nonvanishing first ^^-Betti number and a nonamenable subgroup with the 
relative property (T), are Cg^s-rigid (see also the expository paper [ValObj ). Very recently it 
was shown in |Iollj that L°°(X) x F has a unique group measure space Cartan subalgebra if 

('2') I 

f3\ (F) > and F r\ {X,fi) is a rigid (in the sense of [PoOl] ) free ergodic pmp action. 

One should point out that the unique Cartan decomposition results for profinite actions of 
|UP071 lUPOSj have been generalized in [CSIH ICSUllj to show that group measure space IIi 
factors L°°(X) x F arising from profinite free ergodic pmp actions of any hyperbolic group or 
direct product of hyperbolic groups, have a unique Cartan subalgebra up to unitary conjugacy. 
In a follow-up paper |PV12] . we prove that in fact the same holds for arbitrary actions of 
hyperbolic groups and their direct products, i.e. any product of hyperbolic groups is C-rigid. 

While a characterization of all C-rigid groups seems even difficult to guess, it would be very 

■^A maximal abelian subalgebra A of a IIi factor M is called a group measure space Cartan subalgebra if M 
can be decomposed as a crossed product M — A ><i A. Not all Cartan subalgebras in IIi factors are of this form. 
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interesting to find other sufficient conditions for this property to hold. As for necessary condi- 
tions, let us point out that in |CJ81j it was shown that any direct product T = H x G between 
a non-amenable group G and a certain type of locally finite, infinite, non-commutative group 
H, is not C-rigid. Another class of groups that are not C-rigid was found in [OP08] and it 
consists of certain semidirect products T = H y\ G, with H abelian, notably T = 1? x SL(2, Z). 
More generally, it was shown in |PV09l Section 5.5] that a semidirect product T = H x G with 
H infinite abelian, is never C-rigid. We believe that in fact groups F with an infinite amenable 
normal subgroup are never C-rigid. Since by |CG85] (see also [Lu02[ Theorem 7.2.(2)]) all 
Betti numbers of such groups F vanish, this is compatible with the conjecture that all groups 
with at least one non-zero £^-Betti number are C-rigid, as formulated above. On the other 
hand, it would be interesting to find examples of non C-rigid groups that admit no infinite 
amenable quasi- normal subgroup. 

To state our results in more details, we first need some terminology. 

Definition 1.1. A Herz-Schur multiplier on a countable group F is a function / : F — ?• C 
such that the corresponding map Ug i— )• f{g)ug extends to a normal completely bounded map 
nif : L(F) — )• L(F). In that case we write ||/||cb '■= ||"^/||cb- A- countable group F is called 
weakly amenable (see |CH88j ) if it admits a sequence of finitely supported Herz-Schur multipliers 
/n : F — )■ C that tend to 1 pointwise and that satisfy limsup^ ||/n||cb < oo. If (/„) can be chosen 
in such a way that limsup^ ||/n||cb = 1; we say that F has the complete metric approximation 
property (CMAP), see |Ha78j. 

Let F be a countable group and r/ : F — )• 0{K^) an orthogonal representation. A 1-cocycle for 
F into the orthogonal representation p is a map c : F — )• ETr satisfying c{gh) = c{g) + r]{g)c{h) 
for all g,h €T. We say that c is proper if ||c((7)|| — )■ oo whenever g — )• oo. 

Following |Be891 Definition 1.1], a unitary representation : F — )• U{K) is called amenable if 
B(i^) admits an (Adr/(5'))ggr-iiivariant state. A unitary representation t/ : F — t- U{K) is called 
mixing if for all G K, we have that {r]{g)^,£,') — ?• whenever g — )■ oo, i.e. when the matrix 
coefficients of r] tend to zero at infinity. 

Theorem 1.2. For all of the following groups F, all group measure space IIi factors M : = 
L°°{X) XI F with respect to arbitrary free ergodic pmp actions F r\ (X, jj) have L°°(X) as their 
unique Cartan subalgebra up to unitary conjugacy. 

(2) 

1. All weakly amenable groups F with /3| (F) > 0. More generally, all weakly amenable 
groups F that admit an unbounded 1-cocycle into a mixing nonamenable representation. 

2. All weakly amenable groups F that admit a proper 1-cocycle into a nonamenable repre- 
sentation. 

Actually a more general statement holds: whenever A C M is a maximal abelian subalgebra 
whose normalizer is a finite index subfactor of M , we must have that A is unitarily conjugate 
to L~(X). 

Remark 1.3. Theorem 11.21 covers a rather large family of groups. In [OP08' Definition 1] a 
countable group F is said to have the property {HH)'^ if F has the CMAP and if F admits a 
proper 1-cocycle into a nonamenable representation. Obviously all groups with the property 
{HH)+ belong to the second family of TheoremO By |OP08l Theorem 2.3] the class {HH)+ 
contains all lattices in SL(2,]R), SL(2,C), SO(n, 1) with n > 2, and SU(n, 1). Furthermore the 
class {HH)~^ contains the free groups F„, 2 < n < oo, and contains all free products Ai * A2 of 
amenable groups Ai, A2 with |Ai| > 2 and IA2I > 3. Also the class (HH)^ is stable under free 
products and direct products. 
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Definition 1.4. We say that a countable group T is C-rigid (Cartan-rigid) if for every free 
ergodic pmp action F r> (X, ^u), the IIi factor L°^(X) x F has L°°{X) as its unique Cartan 
subalgebra up to unitary conjugacy. 

In view of [UP071 Proposition 4.12] we say that a countable group F is Cs-rigic0 if for every free 
ergodic pmp action F r\ {X,ii), the IIi factor M = h°°(X) xi F has the following property : 
every maximal abelian subalgebra A G M whose normalizer Mm (A)" is a finite index subfactor 
of M, is unitarily conjugate to L°°{X). 

As already mentioned above, Theorem 11.21 has some immediate consequences in the classifica- 
tion of free group measure space IIi factors. Recall that if M is a IIi factor and s > 0, then 
M'^ denotes the Murray- von Neumann amplification of M by s. 

Theorem 1.5. 1. If n ^ m and F„ r\ {X,fj,), ^ (^tV) arbitrary free ergodic pmp 
actions, then 

L°^(X)xF„^L°^(y)xF„. 

2. If (Xo,/io) and {YQ,rio) are nontrivial standard probability spaces and if 2 < n,m < oo, 
s,t > 0, we have 

{l^{X^-) X F„)' ^ {l^{Y^-) X F„)* ^f and only if ^ = . 

In particular for the wreath product groups 'Ll¥n = ZC^") X F„ we get that L(Z I F„)" ^ 
L(Z ; Fm)* if and only if {n — \) / s = {m — l)/t. 

3. If TZi is a treeable ergodic pmp equivalence relation and if UlZi = UIZ2 for some other 
pmp equivalence relation TZ2, then TZi = 7^2- 

Theorem 11.21 also has a number of consequences for the fundamental group of group measure 
space III factors. Recall that the fundamental group J'{M) of a IIi factor M is the group 
of positive real numbers s > such that M'^ = M. In |PV08b] we introduced the invariants 
^tactorCr) and 5cqrci(F) of & couutable group F, as being the set of subgroups of M-|- that can 
arise as the fundamental group of a group measure space IIi factor L°°(X) x F, resp. an orbit 
equivalence relation TZ{r r\ X), for some free ergodic pmp action of F. In |PV08aj we proved 
that 5factor(Foo) aud 5oqrci(Foo) are huge. They for instance contain subgroups of M+ that can 
have any Hausdorff dimension between and 1. On the other hand from [GaOH Theoreme 
6.3] we know that 5cqrci(Fn) = {{!}} for all 2 < n < co. Whenever F is a C-rigid group we 
have 5factor(r) = '5eqi.oi(F). So it follows from Theorem 11.21 that also 5factor(Fn) = {{1}} for all 
2 < n < 00, confirming our conjecture in [PV08b| . 

Throughout this article we call (M, r) a tracial von Neumann algebra if M is a von Neumann 
algebra equipped with a faithful normal tracial state r. 

Following [Uz03j a tracial von Neumann algebra (M, r) is called solid if the relative commutant 
A' n M of any diffuse von Neumann subalgebra ^4 C M is amenable. It is shown in |Oz03] 
that the group von Neumann algebras LF of any hyperbolic groups is solid. Then in |OP07j . 
(M, r) is called strongly solid if even the normalizer of any diffuse amenable subalgebra of M 
is still amenable, and it is shown that the free group factors LF„ are strongly solid. It has 
been recently proved in |(TSllj that in fact all group von Neumann algebras LF of arbitrary 
hyperbolic groups are strongly solid. 

^The notation Cs-rigid can be read as "strongly Cartan-rigid", but also as "stably Cartan-rigid" because of 
the stability results in [OP07I Proposition 4.12]. 
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Crossed products x F are of course typically not strongly solid, but we establish the following 
relative strong solidity property: for certain groups F we prove the dichotomy that an amenable 
subalgebra A of an arbitrary crossed product B yi T with B amenable either embeds into B 
(in the sense of intertwining- by-bimodules, see Definition 12. ip . or has an amenable normalizer. 
More generally one can replace "amenability" by "amenability relative to B" in the sense of 
Definition 12.21 resulting in the following statement. 

Theorem 1.6. Let T be a weakly amenable group that admits a proper 1-cocycle into an 
orthogonal representation that is weakly contained in the regular representation. Let T r\ {B,t) 
be any trace preserving action on a tracial von Neumann algebra {B,t). Denote M = B >i T 
and let A C M be a von Neumann subalgebra such that A is amenable relative to B. 

Either A -<m B or the normalizer P := Nm{^)" is amenable relative to B. 

Note that Theorem 11.61 immediatelv implies that for all IIi factors B and all 2 < n < +oo, the 
tensor product B ® LF„ has no Cartan subalgebra, thus improving |OP071 Corollary 2] which 
required B to have the complete metric approximation property. 

If r = Fi X • • • X r„ is a direct product of n > 2 nonamenable groups. Theorem 11.61 does 
not hold since, for instance, the relative commutant of a subalgebra of L(ri) contains L(r2). 
Nevertheless we obtain the following precise description of what exactly can happen. The 
notion of strong intertwining A ^^^^ Q is explained in Definition 12.11 

Theorem 1.7. Let V — X • • • X be a direct product of weakly amenable groups such that 
every Fj admits a proper 1-cocycle into an orthogonal representation that is weakly contained 
in the regular representation ofTi. Let T r\ {B,t) be any trace preserving action on a tracial 
von Neumann algebra {B, r). Denote M = S x T and let A G M be a von Neumann subalgebra 
that is amenable relative to B. Denote by P := A/'m(^)" the normalizer of A inside M . 

Then there exist projections po, . . . ,pn G ^{P), some of which might be zero, such that po V 
• • • V p„ = 1 and 

• Ppo is amenable relative to B, 

• for every i = 1, . . . ,n we have Api ^^^j x Fj where Fj is the product of all Tj, j ^ i. 

Note that each F covered by Theorem 11.71 with the factors Fj being nonamenable, also belongs 
to the second family of Theorem 1 1 . 2 1 and hence is C-rigid and Cg-rigid. 

We obtain the following similar result for crossed products S x F by arbitrary actions of 
weakly amenable free products F = Ai * A2. Note that these groups belong to the first family 
in Theorem 11.21 and hence also are C-rigid and C^-rigid. 

Theorem 1.8. Let F = Ai * A2 be any weakly amenable free product group ( e.g. the free product 
of two groups with the CMAP). Let F rv {B,t) be any trace preserving action on a tracial von 
Neumann algebra {B,t). Denote M = B xi T and let A C M be a von Neumann subalgebra 
that is amenable relative to B. Denote by P := A/a/(A)" the normalizer of A inside M. 

Then there exist projections q,Po,pi,P2 £ 2(P), some of which might be zero, such that q V 
Po V pi V p2 = 1 o-nd 

• Aq B, 

• PpQ is amenable relative to B, 
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• Ppi ^jyj B X: Ai for all i = 1,2. 

All the results above will follow from a key technical theorem that we state as Theorem 13. II in 
Section El 

As a consequence of the above uniqueness theorems for Cartan subalgebras, we obtain several 
W*-superrigidity results. Recall that a free ergodic pmp action T r\ {X, jj) is called W*- 
superrigid if the group measure space IIi factor L°^(X) xi F "remembers" the group action 
r r\ (X, ii) : any other group measure space construction yielding an isomorphic IIi factor must 
come from an isomorphic group and a conjugate action (see Section [12] for precise definitions). 
In [Pe09| the existence of virtually W*-superrigid group actions was proven. In [PV09] we 
obtained the first concrete W*-superrigidity theorem, for Bernoulli actions of a large class of 
amalgamated free product groups. In [lolOj it was shown that Bernoulli actions of ice property 
(T) groups are W*-superrigid. In the present paper, a combination of our unique Cartan 
decomposition theorem 11.21 and the OE superrigidity theorems in [P o051 IPo06b| will allow us 
to deduce the following result (see also Theorem 1 1 2 . 1 1 and Remark 112.31 thereafter). 

Theorem 1.9. Let A.,Ti,T2 he weakly amenable ice groups that admit a proper 1-eocyele into 
a nonamenable representation. 

• Put F = Fi X F2. All free actions ofV that arise as a quotient of the Bernoulli action 
F r> [0, 1]^ are W* -superrigid. 

• Consider A x A nv A hy left-right multiplication. All free actions of A x A that arise as 
a quotient of the generalized Bernoulli action A x A nv [0, 1]^ are W* -superrigid. 

We finally deduce a strong rigidity theorem for crossed products by outer actions. Recall that 
an action (a^j^gr by automorphisms of a factor R is called outer if no Og, g G e, is an inner 
automorphism Adu, u G U{R). Two outer actions a -.T r\ P and (5 : A r\ Q are called cocycle 
conjugate if there exists an isomorphism tt : P — )• Q, an isomorphism 5 : F — A and a map 
w.T ^U{P) such that 

7r{wgag{x)w*g) = (3s{g)iTT{x)) and Wgh = Wgag{wh) for ah g,h gT,x G P . 

Theorem 1.10. //F, A are ice groups in one of the families of Theorem ] l.S\ and ifVrxR and 
A r\ R are outer actions on the hyperfinite IIi factor R such that R x T = R x A, then F = A 
and the actions T r\ R, A r\ R are cocycle conjugate. 

Comments on the proofs 

In order to explain the main ideas of the paper, we outline the proof of the following special case 
of Theorem 11.61 Assume that F is a group with the CMAP and with a proper 1-cocycle into 
the infinite multiple ^^(F)®°° of the regular representation. Note that the free groups F = F„ 
satisfy these properties. Assume that F r\ {B, r) is an arbitrary trace preserving action on 
the tracial von Neumann algebra {B, r) and put M = B xT. Let A C M be a von Neumann 
subalgebra that we assume, in this rough sketch, to be plainly amenable. Put P := Nm{A)" . 
We want to prove that either A ~<m B or that P is amenable relative to B. 

Step 1 : reduction to the trivial action. As we will see in Lemma l4.ll we may assume 
that F r\ {B, r) is the trivial action. To make this reduction from arbitrary actions to the 
trivial action, we use the comultiplication trick. So denote by A : M — )• M (8) L(F) the normal 
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*-homomorphism defined by l\{bug) = bug ® Ug for all b £ B and g £ T. We view M (8) L(r) 
as the crossed product of T acting trivially on M. We consider A(^) C M L(r). As we will 
see, it is rather straightforward to prove 

• that A B if and only if A{A) ^M^L(r) M (g)l, 

• and that P is amenable relative to B if and only if A(P) is amenable relative to M 1. 

So the result for arbitrary actions is an immediate consequence of the result for the trivial 
action. 

From now on we will assume that T r\ B is the trivial action. Hence M equals the tensor 
product M = S^L(r). 

Step 2 : weak compactness relative to B. The most important novelty of this paper is the 
proof that the action Mm (A) r\ A satisfies a relative version w.r.t. B of the weak compactness 
property of |OP07l Definition 3.1]. For this we only use the CMAP of F. So take a sequence of 
finitely supported Herz-Schur multipliers : F — )• C that tend to 1 pointwise and that satisfy 
limsup^ ||/n||cb = 1- Denote by : M — >■ M the associated completely bounded maps given 
by ^nib (d) Ug) = fn{g)b ® Ug for all 6 G -B and 5 G F. The formula 

^in : M 0mm P"^ ^ C : Unix := T{ipn{x)EA{y)) for ah x£M,y£ P, 

provides a sequence of continuous functionals on the C*-algebra M C^min satisfying 

• limsup„ = 1, 

• lim„ ||/i„ o Ad{u (du) — finW =0 for all u £ A/'m(^), where u = (u°p)*. 

Since moreover /in(l) Ij it follows that — ujn\\ — )• 0, where ujn denotes the state on 
M iS>mm defined as a;„ = 

A crucial point in the continuation of the argument will be to construct a von Neumann algebra 
completion M of M (Eimin with the following two properties : 

• the states Un are normal on M, 

• the von Neumann algebra M splits as a tensor product M = N L(F), with the natural 
copy of L(F) inside M <Z M corresponding to the copy of L(F) inside N (g) L(F). 

Choosing a standard representation of on the Hilbert space H, it follows that N is standardly 
represented on H ^^(F). The states iOn are then implemented by canonical positive vectors 
£ H 0i'^{T). These vectors inherit the almost invariance properties of (ujn)- 

Step 3 : applying a malleable deformation {at)teR to the vectors (^n)- The group F 
admits a proper 1-cocycle c : F — )■ ^^(F)®°° into an infinite multiple of the regular representa- 
tion. Associated with c is a 1-parameter family {'4>t)t>o of unital completely positive maps on 
M given by 

il)t{x®Ug)=eyi.Y){—t\\c{g)\\^){x®Ug) for all x£N^g£T. 

By |SilOj the 1-parameter family {ipt)t>o dilates as a malleable deformation {at)teR by automor- 
phisms of a larger von Neumann algebra M D M. This construction comes with a conditional 
expectation E : M ^ M such that 

tpt'^/2{x) = E{at{x)) for all x € A/',t € M . 

The dichotomy in the conclusion of the theorem then arises as follows. 
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• Either the deformation (at) significantly moves the vectors (^n)- Since these vectors 
have a certain almost invariance property under all u G A/'m(^), this will lead to the 
amenability of P relative to B. 

• Or the deformation (at) does not significantly move the vectors (^n)- By the properness 
of the 1-cocycle c, this will lead to A B. 

2 Preliminaries 

To make this article as self-contained as possible we have chosen to include a rather extensive 
section with preliminaries. 

2.1 Terminology 

As we said above we call (M, r) a tracial von Neumann algebra if M is a von Neumann algebra 
equipped with a faithful normal tracial state r. 

Whenever M is a von Neumann algebra and ^ C M is a von Neumann subalgebra, we denote 
by Mm (A) the group of unitaries u G IA{M) that satisfy uAu* = A. We call the von Neumann 
algebra Nm{A)" the normalizer of A inside M. We say that yl C M is regular if its normalizer 
equals M. A Cartan subalgebra of a IIi factor M is a maximal abelian, regular von Neumann 
subalgebra. 

If (M, r) and (Q, r) are tracial von Neumann algebras, we call right Q-module any Hilbert 
space equipped with a normal *-anti-representation of Q. We call M-Q-bimodule any Hilbert 
space equipped with a normal *-representation of M and a normal *-anti-representation of Q 
with commuting ranges. We usually simple write x ■ ■ y to denote the left and right module 
actions of x G M, y £ Q on the vector ^. 

If is a von Neumann algebra and M C A/" is a von Neumann subalgebra, a functional on 
A" is cahed M-central if n{Sx) = ft{xS) for all S e Af and all x e M. 

A tracial von Neumann algebra (M, r) is called amenable if there exists an M-central state on 
B(L^(M)) whose restriction to M equals r. We refer to Section [2.51 for more background on 
amenability. 

2.2 Intertwining by bimodules 

We recall from |Po03[ Theorem 2.1 and Corollary 2.3] the theory of intertwining-by-bimodules, 
summarized in the following definition. 

Definition 2.1. Let (M, r) be a tracial von Neumann algebra and P,Q C M possibly non- 
unital von Neumann subalgebras. We write P <m and say that P embeds into Q inside M, 
when one of the following equivalent conditions is satisfied. 

• There exist projections p £ P, q £ Q, a. normal *-homomorphism ip : pPp — )• qQq and a 
nonzero partial isometry v G pMq such that xv = V(p{x) for all x G pPp. 

• It is impossible to find a net of unitaries u„ G VI (P) satisfying \\EQ{xUny*)\\2 — ^ for all 
x,y£ IgMlp. 

We write P -<{j Q if Pp -<m Q for every projection p £ P' n IpMlp. 
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2.3 Basic construction, Jones index, Connes tensor product 

Let (Q, r) be a tracial von Neumann algebra and ICq a right Hilbert Q-module. Then the von 
Neumann algebra J\f := B(/C) H {Q°^y carries a canonical semifinite faithful normal trace TV 
that can be characterized as follows. First recall that a vector ^ G /C is called right bounded 
if there exists a k > such that ||^a;|| < K||a;||2 for all x e Q. When ^ G /C is right bounded 
we denote by G B(L^((5),/C) the operator defined as L^x = ^x for all x G Q. For all 
right bounded vectors ^, 77 G /C we have that L^L* G Af, while L*L^ G Q. The right bounded 
vectors form a dense subspace of /C and the corresponding elements L^L* G TV span a dense 
*-subalgebra of J\f. The trace Tr on A/" can be characterized by the formula 

Tr(L^L*) = t{L*L^) for all right bounded vectors ^,r] e K.. 

When Q C (M, r) is a von Neumann subalgebra, we denote by eg the orthogonal projection of 
L2(M) onto L2(Q). Jones' basic construction {M^eq) is the von Neumann algebra generated 
by M and eq on the Hilbert space 1?{M). We have that {M,eq) = B(L^(M)) n (Q°p)'. So, 
applying the above construction to the right Q-module L^(M)q, we recover the usual semifinite 
faithful normal trace Tr on (M, eq) characterized by 

TT{xeqy) = T(xy) for all x,y & M . 

The number Tr(l) is called the Jones index of Q C M and is denoted by [M : Q]. 

We also recall the Connes tensor product of bimodules. Assume that m^q and qHp are 
bimodules between tracial von Neumann algebras M, Q and P. Denote by /Co C /C the subspace 
of right Q-bounded vectors in /C. The separation/completion of /Co (8)aig H with respect to the 
scalar product 

ri,C' ®Q V') ■■= {{Ll,L^)ri,ri') 

together with the bimodule action 

x-{i®Qri)-y := x^ ®q rjy 
yields an M-P-bimodule that is denoted by /C ®q 7i. 

If is an M-Q-bimodule between the tracial von Neumann algebras (M, r) and {Q,t), we 
denote by q/Cm the contragredient bimodule on the adjoint Hilbert space /C of /C with bimodule 
action 

x-l-y := y*^x* for all ^ e IC,x e Q,y E M . 

Assume that m/Cq is an M-Q-bimodule between the tracial von Neumann algebras (M, r) and 
{Q,t). Denote as above J\f := B(/C) fl {Q°^)' , equipped with its canonical semifinite normal 
faithful trace Tr as explained above. Denote by /Cq C /C the subspace of right Q-bounded 
vectors. One checks that the formula 

C^qr}^ L^L* 

extends to an M-M-bimodular unitary operator of /C (8)q /C onto L^(A/', Tr). 

Finally assume that M = 5 xi F is the crossed product of a countable group F with a trace 

preserving action F r\ {B,t). Whenever p : F — t- U{K) is a unitary representation, we consider 
the M-M-bimodule m^'^m on the Hilbert space /C = K ^ L^(Af) with bimodule action 

(bug) ■ {^^x) ■y = p{g)^ (g) hugxy for ah 6 G 5, 5 G F, ^ G x, y G M . (2.1) 

If p and 77 are unitary representations, one has 

mC/C (8)m KP)m = mJ^^^m 

as M-M-bimodules. 
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2.4 Weak containment of representations and bimodules 

If p : r — U{K) and vr : T — )• U{H) are unitary representations of a countable group T, one 
says that p is weakly contained in vr if ||p(a)|| < ||7r(a)|| for all a G CF. Similarly if m^^q and 
mT~(-q are bimodules between tracial von Neumann algebras (M, r) and {Q,t) we say that /C is 
weakly contained in 7i if ||7rx:(x)|| < ||7r-^(x)|| for all x £ M (giaig Q°^, where we denote by Tryc, 
resp. vr-^, the obvious *-representation associated with the bimodule structure. 

Weak containment of bimodules is well behaved w.r.t. the Connes tensor product. If m^q is 
weakly contained in m'Hq, then /C 0q C is weakly contained in 71 (^q C for all Q-i'-bimodules 
C A similar statement holds for weak containment in the second variable. 

If M = i? XI r is a crossed product von Neumann algebra by a trace preserving action T r\ (B,t) 
and if yO : r — )• U{K) and tt : F — )• U{H) are unitary representations, then p is weakly contained 
in vr if and only if the M-M-bimodule /C described in ()2.ip is weakly contained in the M-M- 
bimodule IC^ . 

2.5 Relative amenability of subalgebras and left amenability of bimodules 

A tracial von Neumann algebra (M, r) is called amenable if there exists an M-central state on 
B(L^(M)) whose restriction to M equals r. Connes' fundamental theorem in [Co75] says that 
a tracial von Neumann algebra M is amenable if and only if M is hyperfinite, i.e. M admits 
an increasing net of finite dimensional von Neumann subalgebras whose union is weakly dense 
in M. Also M is amenable if and only if the trivial bimodule jvfL^(M)jvf is weakly contained 
in the coarse bimodule m{'^'^{M) L^{M))m- 

Definition 2.2 (Section 2.2 in |OP07j ). Let (M, r) be a tracial von Neumann algebra and let 
P C pMp and Q C M he von Neumann subalgebras. We say that P is amenable relative to Q, 
if the von Neumann algebra p(M, eQ)p admits a P-central positive functional whose restriction 
to pMp coincides with r. 

Recall that the basic construction von Neumann algebra (M, eg) coincides with the commutant 
of Q°P acting on L^(M). Replacing in the above definition {M.eq) = n B{1?M) by 

(Q°P)'nB(/C) for an arbitrary M-Q-bimodule /C, we arrive at the following definition (cf. |SilOt 
Theorem 2.2]). 

Definition 2.3. Let (Af, r) and {Q,t) be tracial von Neumann algebras and P C M a von 
Neumann subalgebra. We say that an M-Q-bimodule m^q is left P-amenable if there exists a 
P-central state on B(/C) n whose restriction to M equals r. 

So by definition, for P C pMp and Q C M we have that P is amenable relative to Q if and only 
if the pMp-Q-bimodule pMpP^'^{M)Q is left P-amenable. Even more specifically, recall from 
|Po861 Definition 3.2.1] and [AD931 Definition 2.1] that a von Neumann subalgebra Q G M is 
called co-amenable if the whole of M is amenable relative to Q. So Q C M is co-amenable if 
and only if the bimodule AfL^(M)Q is left M-amenable. 

Next note that Definition 12.31 generalizes the notion of left amenability of bimodules introduced 
in [ AD93j . More precisely, an M-Q-bimodule a/^q is left M-amenable in the sense of Definition 
12.31 if and only if is left amenable in the sense of |AD93t Definition 2.1]. This follows 

immediately from Proposition 12.41 below. 

Finally left amenability of bimodules has its origin in the concept of an amenable representation, 
see |Be89] . To make this link explicit, assume that M := i? x F is the crossed product of 



10 



a countable group by a trace preserving action T r\ {B,t). Every unitary representation 
p : r U{K) gives rise to an M-M-bimodule /C given by ^J^. This M-M-bimodule /C^ is 
left M-amenable if and only if p is an amenable representation in the sense of {Be89[ Definition 
1.1], i.e. if and only if B(i^) admits an (Ad/9(g())ggr-invariant state (see e.g. [AD931 Proposition 
3.3]). 

The proof of the following proposition is almost identical to the proof of [OP071 Theorem 2.1]. 
Part of the proposition also appears in |Sil01 Theorem 2.2]. We nevertheless provide full details 
for the convenience of the reader. We refer to sections 12.31 and 12.41 for the relevant terminology 
on bimodules, tensor products and weak containment. 

Proposition 2.4. Let {M,t) and {Q,t) be tracial von Neumann algebras and P C M a von 
Neumann subalgebra. Let m^Q be an M-Q-bimodule and denote N := B(/C) R {Q°^)' with its 
canonical semifinite trace Tr as in Section \2. °J[ Define the contractive linear map 

T : {M, Tr) ^ (M, r) : t{T{S)x) = l^{Sx) for all S eM,xeM . 

Then the following statements are equivalent. 

1. The M-Q-bimodule mKLq is left P-amenable. 

2. There exists a net ^„ G L^(AA, Tr)~^ satisfying the following properties. 

• < T{il) < 1 for all n and lim„ \\T{il) - l||i = 0. 

• For all y & P we have lim„ ||y^n — Cn2/||2 = 0. 

3. The M-P-bimodule AfL^(M)p is weakly contained in the M-P-bimodule K, 0q /C. 

4- There exists a Q-P-bimodule qHp such that a,/L^(M)p is weakly contained in the M-P- 
bimodule K. ®Q %. 

5. There exists a tracial von Neumann algebra {N, r) and a Q-N -bimodule qHn such that 
the M -N -bimodule fC 0q % is left P-amenable. 

Proof. Assume that condition 1 holds. Take a P-central state Q G A^* whose restriction to M 
equals r. Identifying A/"* = 'L^{^f, Tr), we can take a net of positive elements 5„ G L^CA/", Tr)"*" 
such that Tr(S'„) = 1 for all n and such that 5„ — >• in the weak* topology on Af*. It 
follows that T{Sn) — )• 1 in the weak topology on L^(M, r) and that for all y G P we have that 
ySn — Sny — )• in the weak topology on L"'^(AA, Tr). After a passage to convex combinations 
we have ||T(S'n) — l||i and \\ySn — S.ny\\i — for all y £ P. We will further modify the 
net {Sn) in such a way that < T{Sn) < 1 for all n. For this we need the following standard 
functional calculus manipulations. 

For every e > and every n denote by Pe,n £ ^ the spectral projection Pf^^n '■= X[Q,i+e]0'[Sn))- 
Since ||1 — T[Sri)\\i — )• 0, one checks that for every fixed e > we have 

\\Sl/^Pe,n - = - p,^n)Sn) = t{{1 - Pe,n)T{Sn)) ^0 aS n ^ OO. 

So, for every fixed e > 0, we have lim„ \\p£,nSnP£„ - = 0. Put T^^n ■= (1 + £)~^Pe,nSnPe,n- 
Then, for every e > 0, we have 

limsup ||Te_„ — i^nlli < e and < TiT^ n) < 1 for all n. 

n 
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Reorganizing the T^^^ we find a net Ti G {J\f ,Tt:)^ such that < T{Ti) < 1 for all i, such 
that \\T{Ti) - l||i and \\yTi - Tiy\\i for all y e P. 

Defining := T^^'^, we obtain a net in L^(AA, Tr)+ which, thanks to the Powers-St0rmer 
inequality satisfies condition 2 in the formulation of the proposition. 

Next assume that is a net in L^(AA, Tr)+ satisfying condition 2. Recall from Section [2.31 
that L^{M,Tr) can be identified with /C (^q /C as an M-Af-bimodule. Viewing ^ net of 

vectors K, (8)q /C we get that 

{xCnV, Cn) T{xy) for ah x £ M,y £ P . 

Hence the M-P-bimodule m^'^{M)p is weakly contained in the M-P-bimodule /C (E>q JC. So 
condition 3 holds. 

It is trivial that condition 3 implies condition 4. 

We next prove that condition 4 implies condition 1. Condition 4 yields a net (^n) in an infinite 
multiple of /C i^q Ti satisfying 

{^^n,Cn) — ^ t{x) for all X £ M and — — )• for all y G P . 

The formula (gig r/) = 5"^ t] provides a normal representation of on /C C^q ^ that 
commutes with the right P-module action on /C %. Choosing a state G A^* as a weak* 
limit point of the net of states S i— t- {S^n,£,n), we have found a P-central state on A/" whose 
restriction to M equals r. So condition 1 holds. 

We finally prove the equivalence of conditions 1 and 5. One implication being trivial by taking 
N = Q and'H = L^{Q), assume that the M-A^-bimodule C := IC^qT-L is left P-amenable. The 
formula <^q rf) = ®q j] provides a normal *-homomorphism 

e : B(/c) n (Q°p)' ^ B(£) n (iv°p)' 

whose restriction to M is the identity. Given a P-central state 0, on B(£)n(A^°P)' with = r, 
the composition o is a P-central state on B(/C) n ((3°^)' whose restriction to M equals r. 
So condition 1 holds and the proposition is proven. □ 

Corollary 2.5. Let (M, r) and {Q, r) be tracial von Neumann algebras and P C M a von 
Neumann subalgebra. Let m^q ctn-d m^'q be a M -Q-bimodules. If m^q is left P-amenable 
and weakly contained in m^'q, then also mK^'q is left P-amenable. 

Proof. Since weak containment of bimodules is transitive and preserved under the Connes 
tensor product of bimodules, this is a direct consequence of the characterization of left P- 
amenability by condition 3 in Proposition 12. 4[ □ 

Corollary 2.6. Let {M,t) and {Q,t) be tracial von Neumann algebras and Pi,P2 C M von 
Neumann subalgebras. Let m^q be an M-Q-bimodule. 

If M^Q is a left Pi-amenable M-Q-bimodule and if P2 is amenable relative to Pi, then m^-q 
is also left P2-amenable. 

In particular, if Pi C P2 is an inclusion of finite index and if m^q is 0, left Pi-amenable 
M-Q-bimodule, then m^q is also left P2-amenable. 
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Proof. By condition 3 in Proposition l2.4l we have that jv/L^(Af)pi is weakly contained in /C^q/C. 
Hence 

7V/(L^(M) (8)p^ L'^{M))m is weakly contained in a/ (/C (^g K.®p^K. ®q /C) m . 

Since P2 is amenable relative to Pi, we know from condition 3 in Proposition [23] that jv/L^(Af ) 
is weakly contained in a^(L^(-M^) CSiPi L^(Af))p2- combination with the previous line and 
writing qHp^ := q{IC iSipj^ IC (SDq /C) we conclude that 

jv/L^(M)p2 is weakly contained in a/(/C (^q ^)p2 • 

Condition 4 in Proposition 12.41 implies that a/ZCq is left P2-amenable. 

If Pi C P2 has finite index, then P2 is trivially amenable relative to Pi and hence also the final 
statement is proven. □ 

We next prove a result where the amenability of P relative to two subalgebras Qi and Q2 
implies the amenability of P relative to Qi Q2- Obviously such a result cannot hold if Qi and 
Q2 are in a generic position where typically Qi D Q2 = CI. So recall that two von Neumann 
subalgebras of a tracial von Neumann algebra (M, r) are said to form a commuting square if 
Eq-^ o Eq^ = Eq^ o Eq^ , where Eq^ denotes the unique trace preserving conditional expectation 
of M onto Qi. In that case Eq^ o Eq^ is the unique trace preserving conditional expectation 
of M onto Qi n (32- 

Proposition 2.7. Let {M,t) be a tracial von Neumann algebra with von Neumann subalgebras 
Qi,Q2 C M. Assume that Qi and Q2 form a commuting square and that Qi is regular in M. 

If a von Neumann subalgebra P C pMp is amenable relative to both Qi and Q2, then P is 
amenable relative to Qi H (52- 

Proof. We use the notation 

T^ : L\{M,eQ^)) ^ L^M) : T(7liS)x) = Tr{Sx) for all S e L\{M,eQ^)) , xeM . 

Since P is amenable relative to Qi and relative to Q2, condition 2 in Proposition 12.41 provides 
nets //j G pL^((M, eQj))"'"p and G pL^((M, eQ^))~^p satisfying the following properties. 

< 7i(/ii ) < p for all i, ||71(/x^) — p||i — and \\y^^^ — fJ-iy\\2 —^0 for all y G P , 

and similarly for (^j). 
Consider the M-M-bimodule 

H:=L2((M,eQ,))»AfL2((M,eQ2)). 

We will prove below that Ti admits a net of vectors r]k G pTip such that 

\\yVk ~ VkyW ~^ for all y £ P and {xr]k,'r]k) ^i^) for all x G pMp . (2-2) 

Note that for every /u G L^((M, egj) and every j, the vector fi^u £ ^ is well defined and 
satisfies 

\\i^®Mi,\\ = (/ir2(e|),Ai)'/' < Mh ■ (2.3) 

Similarly, for every ^ G L^((M, cqj)) and every i, the vector fJ.i0M^ is well defined and satisfies 

||//iC5Afell < lieib . (2.4) 
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Fix finite subsets T C P, G C pMp and fix e > 0. We will produce a vector t] G pT-Lp such that 

WuV ~ VvW — 2e for all y & , (2-5) 
|(xr/,r/) - r(x)| < 2e for ah xGG . (2.6) 

Once these two statements are proven, we find a net {rjk) in T-L satisfying conditions (|2.2p . 

First fix i such that \\yfj,i — Hiy\\2 < e for all y G and \ {xiJ,i,fii) — t{x)\ < e for all x £ G. 

Since < 71 (/U?) < p, it follows that for every x E M, the element Ti{^iXiii) G L^(M) is 
bounded in the uniform norm and hence belongs to pMp. Put G' '■= {7i{fJ.iX \ x £ G}- Then 
fix j such that \\y^j — CjVlU < ^ for all y £ T and \{x^j,6.j) — t{x)\ < e for all x G C/'. 

Put r] := /ij Cj- Note that G pTip. We now prove that r/ satisfies ()2.5p and ()2.6p . Take 
y £ F. Since — /iiy||2 < it follows from ()2.3p that ||yr/ — ^iy ®m < e. Note that 
fJ-iU^M^j = fJ'i'^MVS.j- Since WyCj-^jVh ^ it follows from (f2^ that llMi ®M y^j - toII < 
So ([23]) holds. 

To prove (|2.6p take x G ^. Note that 

{xr],r]) = {xfii (^M^jifJ-i ®Mij) = {Ti{niXHi)^j,^j) . 

Since Ti{^iX^i) £ G' it follows from our choice of j that 

\{xri,ri) - T{Ti{fiiXfii))\ < £ . 

But T{Ti{niXfj,i)) = Tic{fj,iXfii) = {xfii,fii) and also \{x^i,^i) — t{x)\ < e. Hence also (|2.6p 
follows. 

So we have proven the existence of a net {rjk) in pT-Lp satisfying the conditions ()2.2p . It follows 
that the bimodule pMpl-''^{pMp)p is weakly contained in the bimodule pMp{pT^p)p- 

We claim that the M-M-bimodule Ti is contained in a multiple of m^"^ {{M , cq)) m with Q = 
Qi n Q2- Whenever u,v £ Mm{Qi)-, denote by 'Hu,v C T-i the closed linear span of the vectors 
{xeq^u^M veq^y \ x,y £ M}. Note that 'Hu,v is an M-M-subbimodule of H. The commuting 
square condition together with the formula Ad{uv)* o Eq^ = Eq^ o Ad{uv)* guarantees that 
the formula 

xcQ^u ®M veq^y ^ xuv ®q y 

defines an M-M-bimodular unitary of %u,v onto L^((M, eg)). Since Qi is regular in M, the 
subbimodules {'Hu,v \ u,v £ Mm{Qi)} span a dense subspace of H. It then follows that % is 
indeed contained in a multiple of L^((M, eg)) and the claim is proven. 

Using the claim it follows that the bimodule pMpL'^{pMp)p is weakly contained in the bimodule 

pMp{p^\{M,eQ))p)p = pMp{pL\M) (g)Q L\M)p)p . 
By condition 3 in Proposition 12.41 this means that P is amenable relative to Q. □ 

We finally prove the following easy lemma. Its proof is almost identical to the proof of [QP07[ 
Lemma 3.6]. 

Lemma 2.8. Assume that (M, r) is a tracial von Neumann algebra with von Neumann sub- 
algebra A C M. Let A < Mm{A) be a countable subgroup. Assume that A is amenable. Then 
{A U A)" is amenable relative to A. 
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Note that the von Neumann algebra {A U A)" need not be a crossed product A xi A. In the 
extreme (and uninteresting) case we might even have that A C U{A). 

Proof. Define 

K := {Q £ {M, ca)* \ ^ is an A-central state satisfying = r } . 

Equipped with the weak* topology, K is compact and convex. Also K is nonempty since the 
state on (M, ca) C B(L^(M)) implemented by the vector 1 G L^(M), belongs to K. 

The formula ag{il.) = g ■ Q ■ g* defines an action of A on by weak* homeomorphisms. Since 
A is amenable, this action has a fixed point ^1 €z K. So is a state on (M, ba) that is x-central 
for all X S sp&n{ag \ a € A, g £ A} and that satisfies = r. It remains to prove that 
is {A U A)"-central. This follows immediately since span{ag \ a £ A, g £ A} is \\ ■ ||2-dense in 
(A U A)" and since the Cauchy-Schwarz inequality implies that for all x,y £ M we have 

\\x-n-yn\\< n{{x - y)*{x - y)f'^ = \\x - yh 

and similarly ||0 • x — ^2 • y|| < ||x — y\\2- □ 

2.6 A lemma on no n- normal states 

The following lemma is distilled from [QP071 Corollary 2.3] and |QzlO[ Lemma 5], with a very 
similar proof but a more generic formulation of the result. 

Lemma 2.9. Let N he a von Neumann algebra and M C J\f a von Neumann subalgebra. Let 
Gi C G2 U{M) be subgroups such that all u £ Q2 normalize M . Assume that t is a faithful 
normal tracial state on M that is (Ad u)ueg2-invariant. 

Assume that for every nonzero {Ad u)u£g2 -invariant projection p £ M, there exists a (typically 
non-normal) positive functional ^ on M satisfying the following three properties. 

1. ^{vp) = ^{p) for all V £ Qi, 

2. ^ o Adu = ^ for all u £ Q2, 

3. Either ^\pMp normal and nonzero; or ^\pMp is faithful in the sense that ^'(g) > for 
all nonzero projections q £ pMp. 

Then there exists a state Q on M such that Q{v) = 1 for all v £ Qi, VtoAdu = 11 for all u £ Q2 
and = t(x) for all x £ M . 

Proof. We first claim that for every nonzero (Adii)Meg2"™'^^'^i^'^^ projection p £ M, there exists 
a nonzero (Ad u)ugg2"iii'^3'i'i8'iit projection pQ £ pMp and a positive functional ^'o on poMpo 
such that 

• ^'o('vpo) = 'I'o(Po) for ah v £ Gi, 

• ^ooAdu = '^o for aU u £ Q2, 

• The restriction of ^'o to poMpQ is normal and faithful. 
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Given a nonzero (Ad M)„gg2"™'^^^i^^t projection p G M, take a positive functional ^' on 
satisfying properties 1, 2 and 3 in the formulation of the lemma. First assume that ^\pMp is 
normal and nonzero. Since ^\pMp is {Kdu)u(^g^-mvax\aiii, the support of the nonzero normal 
positive functional ^|pMp also is (Ad n)ugg2 -invariant. We denote this support by po and define 
^o('S') := ^{pqSpq). Note that po is a nonzero projection in pMp and that "^{p — po) = 0. 
Hence the Cauchy Schwarz inequality implies that ^(t'(p — Po)) = for all v G Qi. We conclude 
that ^q{vpq) = ^'o(po) for all v & Qi. The other conditions are obvious and we have shown the 
claim in the case where ^\pMp is normal and nonzero. 

Next assume that ^\pMp is faithful. Replacing ^ by ^{p ■ p), properties 1 and 2 in the formu- 
lation of the lemma remain valid and ^{S) = ^{Sp) = "^(pS) for all S G A/". Still "^ipMp is 
faithful. We prove now that the claim holds with pQ = p. 

We consider the bidual von Neumann algebras M** and A/"**. We view M, resp. M, as weakly 
dense C*-subalgebras of M**, resp. M**. We denote by 6 : M** — > M** the bidual of the 
inclusion M G N. Then 9 is the unique normal *-homomorphism satisfying 9{x) = x for all 
X £ M. We denote by tt : M** — )■ M the unique normal *-homomorphism satisfying 7r(x) = x 
for all X £ M. Define the central projection z G M** as the support projection of tt. Recall from 
|Ta791 Definition III. 2. 15] that for all uj G M* we have that uj = uj-z + u;-{1 — z) corresponds 
to the unique decomposition of a; as a sum of a normal and a singular functional on M. 

Whenever a G Aut(M), we denote by a** the bidual automorphism of M** . Since aon = iroa** , 
it follows that a**{z) = z for all a G Aut(M). For every u G G2, we define £ Aut(M) given 
by au{x) = uxu* for all x G M. Note that u9{x)u* = 9{au{x)) for all u £ Q2 and all 
X £ M. Hence we get that u9{x)u* = 6'(a**(x)) for ah x G M** . It follows in particular that 
u9{z)u* = 9{z) for all u G ^2- 

Define the positive functional on pNp by the formula ^0(5") = '^{9{z)S9{z)). Note that 
the projection 9{z) commutes with x = 9{x) for all x G M. So, since ^'(1 — p) = 0, also 
^'0(1 -p) = and ^'o(5') = ^'o(5'p) = "^oipS) for all S £ N. As explained above, 9{z) also 
commutes with all u £ Q2. Since ^ o Ad u = for all u G ^2 > also ^'o ° Ad u = '^q for all u G ^2 • 

Next take v £ Qi. Denote d = 1 — {v + v*)/2. Note that d is a positive element in N and 
that ^{d) = ^{dp) = 0. Since 9{z) commutes with v, we also have that 9{z) commutes with d. 
Therefore, using the Cauchy Schwarz inequality 

^o{df = \^{9{z)d9{z))\^ = \^!{9{z)d)\^ < ^{9{z)d^''^9{z)) ^{d) = . 
We conclude that ^'o('vp) = 'I'o(^') = ^o(l) = ^o(p) for ah v £ Qi. 

Denote by uj the restriction of ^' to pMp. Denote hy uj = lo^ + uj^ the unique decomposition 
of UJ as the sum of a normal and a singular functional. As observed above the restriction of 
^'o to pMp equals uja_- We know that u is faithful on pMp. It remains to show that cjn is still 
faithful. Assume that q £ pMp is a projection and that uJa{q) = 0. We have to prove that 
(7 = 0. By |Ta79l Theorem HI. 3. 8] we can take an increasing sequence of projections pt £ M 
such that pk ^ 1 strongly and UJs{pk) = for all k. Consider the projections q /\pk and note 
that qApk^q strongly. Indeed, since the projection q — qApk is equivalent with the projection 
Q"^ Pk — Pki we have 

T{q-qA pk) = T{q V pk) - T{pk) < 1 - r(pfc) . 

Since q /\ pk < q and uj^iq) = 0, we have Wn(9 A pk) = for all k. Since q /\pk < Pk and 
^s{Pk) = 0, we have ujs{q /\pk) = for all k. Hence, uj{q /\pk) = for all k. Since uj is faithful 
on pMp, we conclude that g A pfc = for all k. Since q A pk ^ q strongly, also q = 0. So we 
established the claim in the beginning of the proof. 
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Using Zorn's lemma take a maximal sequence \I'„)neN where the pn are mutually orthogonal 
(Ad u)ugg2 -invariant nonzero projections in M and the are positive functionals on PnJ^Pn 
such that ^n{vpn) = ^n{Pn) for all V ^ Gi, such that o Adu = for all n G ^2 and such 
that the restriction of to pnMpn is a faithful normal positive functional Un- 

By the claim in the beginning of the proof and by the maximality of the family it 
follows that X^nP" ~ ^- Define the normal faithful (AdM)„gg2"i^'^ariant state a; on M given by 

Define the sequence of positive functionals on M given by the formula 

Choose a state $ on A/" as a weak* limit point of the sequence {^n)- By construction we have 
that ^{v) = $(1) for all v € Gi, that <I) o Ad n = $ for ah u G Q2 and that = ^■ 

Take h G L^{M)~^ such that oj{x) = T{xh) for all x G M. Note that the kernel of h is trivial 
because w is a faithful normal state on M. Since both uo and r are (AdM)ugg2"™'^ariant, it 
follows that h is (Ad n)ugg2"™'^ariant. Define $7 G N* as any weak* limit point of the sequence 
of positive functionals 

S^^{{h + l/k)-^'^S{h + l/k)-^'^) . 

By construction il(x) = t{x) for all x G M. Since both <I> and {h + are (Adii)„gg2" 

invariant, also 17 o Adn = VL for all u G Q2- Finally, take v ^ Qi and put d := 1 — {v + v*)/2. 
Since Qi C Q2, we see that d commutes with {h + for all k. Using the Cauchy Schwarz 

inequality we get for every k that 

^{{h+l/k)-^/^d{h+l/ky^/^f = \^{{h+l/ky^d) 1^ < ^{{h+l/k)-^d{h+l/k)-^) <^{d) = . 
So also Q{d) = and hence Q{v) = 1 for all f G ^1. □ 

3 Formulation of the key technical theorem 

If c : r — )■ is a 1-cocycle into the orthogonal representation ry : F — t- 0{K^), the function 
g I—)- ||c((7)|p is conditionally of negative type. By Schoenberg's theorem the formula 

^l^t■■r^R■.M9) := exp{-t\\c{g)f) 
defines a 1-parameter family (V't)t>o of functions of positive type on F. 

Assume that M = i? xi F is a crossed product of F by a trace preserving action F r\ {B,t). 
Associated with the 1-cocycle c : F — )• K^, we get a 1-parameter group {ipt)t>o of unital 
completely positive normal trace preserving maps 

il^t-.M^M: Mbug) = e^p{-t\\c{g)f)bug for all b£ B,g£T . (3.1) 

Recall from ()2.ip that we associated to every unitary representation : F — )• U{K) an M-M- 
bimodule /C^ defined by 

:= K 0L'^(M) and , , 

(3.2) 

(bug) ■ ^ x) ■ y = rj{g)^ ® bugxy for all b^B,g^r,^^K,x,yGM. 
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Whenever is a real Hilbert space, we denote by K its complexification. If : F — )• 0{Kk) 
is an orthogonal representation, we still denote by r] the corresponding unitary representation 
on K. 

Theorem 3.1. Let T be a weakly amenable group and c : F — >• Kg. a 1-cocycle into the orthog- 
onal representation r/ : F — )• 0{K^). 

Let F r\ {B, r) be any trace preserving action on a tracial von Neumann algebra {B,t). Denote 
M = B Xi T . We consider the M-M-bimodule IC^ associated with the complexification of r] as 
in ()3.2p . We denote by {^t)t>o the 1-parameter group of completely positive maps associated 
with c : F — )• as in (|3.ip . 

Let q £ M be a projection and A C qMq any von Neumann subalgebra that is amenable relative 
to B. Denote by P := MqMq{A)" its normalizer. Then at least one of the following statements 
holds. 

• The qMq-M -bimodule qMq{(l^^)M is left P -amenable in the sense of Definition \2.3[ 

• or, there exist t, 5 > such that ||^t(a)||2 > 5 for all a E U{A). 

4 Proof of Theorem I3.lt reduction to T acting trivially 

Lemma 4.1. Lt suffices to prove Theorem \3.1\ for the trivial action F r\ {B,t) on arbitrary 
tracial von Neumann algebras {B,t). 

Proof. Assume that Theorem 13.11 holds for the trivial action of F on an arbitrary tracial von 
Neumann algebra. Let then T r\ {B,t) he an any trace preserving action. Denote M = i? x F 
and let A C qMq be a von Neumann subalgebra that is amenable relative to B. Denote by 
P := NqMq{A)" the normalizer of A inside qMq. As in the formulation of Theorem 13.11 we 
consider the M-M-bimodule /C on the Hilbert space jCn = K®lJ^{M), and we consider the 
1-parameter group {^pt)t>o of completely positive maps on M, associated with the 1-cocycle 
c-.T^Kr. 

Put := M (g) L(F) and view Ai as the crossed product of M with the trivial action of F. 
Define 

A: M ^ M : A{bug) = bUg Ug for all b€ B,g €T . 
Define q := A(g), A := A{A) and V := MgMqi-^)" ■ Note that A(P) C V. 

We prove that A is amenable relative to M 1. Since A is amenable relative to B, it follows 
from Proposition 12.41 3 that the bimodule qMq^'^iqMq)^ is weakly contained in the bimodule 
qMq{q^'^{M) ^'^{M)q)A. We take on the left the Connes tensor product with the bimodule 
qMq^'^{Q-^Q)A{qMq)7 in which the right module action of x G qMq is given by the right multi- 
plication with A(x). It follows that the bimodule qMq^"^ (Q-^q) A{A) is weakly contained in the 
bimodule 

qMq^A-= {qMq^'^{QMq)A{qMq)) ®qMq {qMqiQ^'^ {M) ® B^'^ {M)q) a) . 

The following direct computation shows that the map S ®qMq {x ®By) ^ SA{x) ®m®i A(y) 
extends to a bimodular isometry of qMq^A into the bimodule q>ig(5L^(A^) ^m^i L^(A^)q\)A(yl)- 
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Indeed, for all S,T £ q-Mq, x,a £ qM and y,b £ Mq we have 

{S CdqMq {x ^By),T ®qMq (« B b)) = T {{b* 1)Eb^i {A{a*)T* S A{x)) {y 1)) 

= T{{EB{yb*) 1) A{a*)T*SA{x)) 
= T{EMm{^{yh*)) A{a*)T*SA{x)) 
= T{A{yb*) EMm{^{a*)T*SA{x))) 
= {SA{x) (S)M^i A{y),TA{a) »m®i A{b)) . 

So the bimodule q_Mq{qL'^{M-) 0m<sjI L^(A^)5)a(A) weakly contains qMq^'^{q-^q)A{A)- Proposi- 
tion [2313 then says that A{A) is amenable relative to M (g) 1. 

For the trivial crossed product M, we also consider the 7W-A^-bimodule /C on the Hilbert 
space K.^ = K (E) L^(A^), and the 1-parameter group of completely positive maps {ipt)t>o on 
M . Since we assumed that Theorem 13.11 holds for the trivial action and since we have proven 
above that A is amenable relative to M (8> 1, at least one of the following statements is true. 

• The qA^g-TW-bimodule qlC^ is left "P-amenable; 

• or, there exist t,6 > such that ||';/'t(o)||2 > ^ for all a G IJ{A). 

We prove now that these options lead respectively to the left P-amenability of qMq{qK-^)hh or 
the inequality ||V't(fl)||2 ^ ^ for all a € hl{A). Once this is proven, also the lemma is proven. 

First assume that the gA^g-^"bimodule g/C is left P-amenable. View /C as an M-Ai- 
bimodule using the left module action by A(x), x G M. So a fortiori qMq{qK'^)M is left 
P-amenable. Viewing L^(A^) as an M-A^-bimodule by using also here the left module action 
by A(x), X G M, we observe that m^^m is canonically isomorphic with m{^^ ®m L^(-A4))a4- 
We conclude that the bimodule qMq{q^^ ®M L^(-^))ai is left P-amenable. By condition 5 in 
Proposition 12.41 we get that also qMq{q^^)M is left P-amenable. 

Since ipt ° A = A o ij^t, the inequality ||'i/'t(o)||2 ^ ^ for all a € U{A) immediately implies that 
\\Ma)\\2>S for alia eU{A). □ 

5 Weak amenability produces almost invariant states 

We prove the following theorem, which will be the first step towards the proof of Theorem 13.11 
We use the notation u := (n°P)*. 

Theorem 5.1. LetT be a weakly amenable group and {B,t) any tracial von Neumann algebra. 
Write M := B ® L(r) ^^'^'^ assume that A C M is a von Neumann subalgebra that is amenable 
relative to B. Denote its normalizer by P := A/mI^)"- Define N as the von Neumann algebra 
generated by B and P°p on the Hilbert space L'^{M)(g)AL'^{P)- PutM := N(g)L{r) and define 
the tautological embeddings 

TT : M ^ M : TT{b Ug) = b Ug and 6 : P°^ ^ M : e{y°^) = y°P 1 

for allbeB,ger,y£P. 

Then there exists a net of normal states uji E A/"* satisfying the following properties. 

• uJi{TT{x)) — )• r(x) for all x £ M, 

• uji{7r{a)9{a)) 1 for all a £ U{A), 

• \\uji o Ad(7r(n)6'(n)) — coiW ~^ f'^^ '^^^ ^ ^ J^m{A). 
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5.1 Easy proof of Theorem 15.11 when F has CMAP 



In the case where F has CMAP, the proof of Theorem 15. II is very similar to the proof of [OP071 
Theorem 3.5]. 

Fix a sequence /„ : F — )• C of finitely supported functions tending to 1 pointwise and satisfying 
limsup„ ||/n||cb = 1- Denote by m„ : L(F) — )• L(F) the corresponding normal completely 
bounded maps given by m„(ug) = fn{g)ug for all 5 G F. We also define : M — )■ M given by 
ifn = id(g)m„. 

Define the von Neumann algebras N and A^, together with the embeddings vr : Af — )• and 
9 : P°P — )• as in the formulation of Theorem 15.11 Note that 7r(M) commutes with 9{P°^) 
and that together they generate Af. 

Proof of Theorem \5.1\ in the case where F has CMAP. Denote by m^m the M-M-bimodule 
K. := L2(M) (g)B L2(M) and explicitly denote by A : M ^ B(/C) and p : M°p ^ B(/C) the 
normal *-homomorphisms given by the left and the right bimodule action. Define the von 
Neumann algebra Sa ■= A(M) V p(A°P). 

We claim that there exists a normal completely positive unital map £ : N ^ Sa satisfying 

£:(^(x)^(y°P)) = \{x)p{EA{yT^) for ah x e M,y e P . 

To prove this claim, recall that Af is defined as the von Neumann algebra acting on (L^(M) 0a 
L'^iP)) (g)f{T) generated by tt{M) and 6'(P°p). The formula 

V -.IC^ (l2(M) (^a l2(P)) ^ ^^(F) : V{{b C^Ug)(^Bx) = {bx 1) ® Sg 

for ah b £ B,g £T,x £ M , 

yields a well defined isometry and £ can be defined by the formula £{z) = V*zV for all z G A/". 
This proves the claim. 

We next claim that there exists a sequence of normal functionals p^ G (Sa)* satisfying 

p^{X{x)p{a°'P)) = T{ipnix)a) for ah x £ M,a£ A. 
This claim follows from a direct computation and the formula 

p^{T)= fnig) {T {103(10 Ug)),iil0Ug)0 b1)) for all Tg 5a, 

gSsupp /„ 

which is meaningful because /„ is finitely supported. 

We define 7„ G A/"* by the formula 7„ = p^ o £ and put Un ■= Il7n||~^|7n|- We will prove that 
iOfi G A/"* is a sequence of normal states that satisfies the conclusion of Theorem 15.11 Note that 
by definition 

7„(^(x)0(y°P)) = T{Mx)EA{y)) for ah x G M, y G P . (5.1) 

For every u G M^iiA) the expression Ad(A(n)p(u)) defines an automorphism of Sa- We will 
prove the following two statements. 

1. limsup^ Wp^W = 1. 

2. lim„ \\p^ o Ad(A(u)p(n)) - p^\\ = for all u G A/'m(^). 
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Once these two statements are proven, we get that hmsup„ ||7„|| = 1 because 7^ = fJ'n°£- Since 
7„(1) — )■ 1, it win fohow that ||7„, — 0. Because £ o Ad{-K{u)6(u)) = Ad{X{u) p(u)) o £ 

for all u G A/a/(^), we also get that 

lim ||7„ o Kd{-K{u)9{u)) - 7„|| =0 for all u G Mm{A) . 

n 

Then the same holds for Un instead of 7^ and all the required properties of Un are proven, or 
follow directly from (|5.1|) and the fact that ||7„ — cj^ll — 0. 

It remains to prove statements 1 and 2 above. Define Sa as the C*-algebra acting on /C 
generated A(M) and p{A°^). Note that Sa is a dense C*-subalgebra of Sa- Since the norm 
of a normal functional coincides with the norm of its restriction to a dense C*-subalgebra, we 
from now on consider continuous functional on Sa and compute all norms inside S\. 

Whenever Q C P is a von Neumann subalgebra, we define Sq as the C*-algebra acting on /C 
generated by A(M) and p{Q"'^). As with above, the formula 

/i« : 5q ^ C : /i«(A(x)p(y°P)) = r(v?„(x)y) for all x G M,y G Q 

defines a sequence of continuous functionals /in on Sq. We claim that if Q is amenable relative 
to B, then limsup^ IIMh || = 1- The special case Q = A then yields statement 1 above. To prove 
this claim, first observe that there is a sequence of completely bounded maps (pn ■ Sq ^ Sq 
satisfying 

^„(A(x)p(y°P)) = A(v3„(x))p(y°P) for all x£M,yGQ and ||^n||cb = ||/n||cb • 

To see this, it suffices to consider the unitary operator 

U : lC^L^{B)(g) f{T) O ^^(r) : (6 Ug) ®B (c Uh) ^bc^5g^5h 

for all b,c £ B,g,h £ T, which satisfies UX{b (g) Ug)U* = 6 1 for all 6 G -B, 5 G F, and 
[/p(Q°P)[/* C B(L2(B))^l®B(£2(r)). We can then define lpn{z) = U* {id ^uin^ id) {UzU*)U 
for all z £ Sq. 

Since Q is amenable relative to B, we know from point 3 in Proposition 12.41 that the bimodule 
j\^L^(M)Q is weakly contained in the bimodule mKLq. So we have a continuous *-homomorphism 
G : 5q ^ B(L2(M)) satisfying 

e(A(x)p(y°P)) = AL2(M)(x)pL2(M)(y°P) for all x G M,y G Q . 

Since 

= (G(<^„(z))l,l) for all zgQ, 
the above claim follows and also statement 1 is proven. 

To prove statement 2, fix n G Nm{-^) and define Q <Z P as the von Neumann algebra generated 
by A and u. By Lemma |2.8| Q is amenable relative to A. Since A is amenable relative to B, 
it then follows from Corollarv 12.61 that also Q is amenable relative to B. Therefore we have 
limsup„ 1 1 II = 1- The definition of pn immediately gives us /in (1) = ''"(v^n(l)) — )• 1 as well as 

p'i{\{u)p{u)) = T{ipn{u) Eq{u*)) = T{ipn{u) U*) ^ 1 

since u £ Q. Since limsup„ \\pn\\ = 1, it follows that 

||/i«oAd(A(n)p(ll))-/i«|| ^0. 

Restricting the functionals pn o Ad(A(ii)p(n)) and pn to Sa, statement 2 follows. 

As explained above the proof of statements 1 and 2 concludes the proof of the theorem. □ 
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5.2 Proof of Theorem 15.11 for arbitrary weakly amenable T 



For arbitrary weakly amenable groups F, our proof of Theorem 15.11 follows very closely the 
proof of (OzlOl Theorem B] . We start by the following adaptation of [QzlOl Lemma 6] . 

Lemma 5.2. Let M = B ® D he the tensor product of two tracial von Neumann algebras. 
Let A C M be a von Neumann subalgebra that is amenable relative to B. Consider the M-A- 
himodule )C := L^(M) (^b L^(M) and denote by X{x) and p{a°^) the left and the right module 
action of x G M, a £ A. Denote by Sa the -algebra generated by A(M) and p{A°P). 

We say that a normal completely bounded map ip : M ^ M is adapted if there exists a 
quadruplet {7r,T-L,V,W) consisting of a * -representation vr of the -algebra Sa on a Hilbert 
space H and bounded maps V, W : A/jv/ (^) H such that 

T{w*i:{x)va) = {7:{X{x)p{a"'P))V(v),W{w)) for all xeM,a€ A,v,w £AfM{A) . (5.2) 

Here we write ||T^||oo := sup{||y(u)|| | v £ A/'m(^)}- Following lOzlO[ Discussion after Lemma 
6] we define \\iP\\a o-s the infimum of all ||V^||oo ||l^||oo) where (7r,'H,y, VF) ranges over all 
quadruplets satisfying (|5.2|) . 

1. If m : D ^ D is a normal completely bounded map, then id m : M ^ M is adapted 
and \\id0m\\A < ||ni||cb- 

2. If tp : M ^ M is an adapted normal completely bounded map and ifui,U2 £ J\fM{A) and 
xi,X2 G M, then also the normal completely bounded map x i— )• u'['iIj{x'[xx2)u2 is adapted. 

Proof. We start by proving the first statement. Assume that m : D — t- D is a normal completely 
bounded map. The formula 

U : IC ^ L'^{B) ^L'^iD) ^L'^{D) : {b d) (^b {b' d') ^ bb' d d' 

yields a unitary satisfying C/A(6(g) d)U* =J)0 d 1 ioi all b e B,d e D and Up{A°^)U* C 
B(L^(B)) ® 1^B(L2(L>))._So the formula VC-^) := U* {id 0m0 id) {UzU*)U provides a normal 
completely bounded map ^p : Sa ^ Sa satisfying 

'0(A(x)/9(a°P)) = A((id (g) m)(x))p(a°P) for aU xGM,aeA. 

Note that ||V'||cb = ||™||cb- 

Since A is amenable relative to B, we know from point 3 in Proposition 12.41 that the bimodule 
A,/L^(M)yi is weakly contained in the bimodule m^a- So we have a continuous *-homomorphism 
Q:Sa^ B(L2(M)) satisfying 

e(A(x)/>(a°P)) = Al2(a,)(x)pl2(m) for all X G M,a G A . 

We now apply a Stinespring-type factorization theorem (see e.g. jBOOSl Theorem B.7]) to the 
completely bounded map Q o ijj : Sa^ B(L^(M)). We find a *-representation vr : 5^ — B('H) 
of Sa on a Hilbert space % and bounded operators V, W : 1?{M) — )• % such that 

Q(4){z)) = V*7r{z)W for all z € Sa and \\V\\ \\W\\ = \\& o ^\\^^ < \\^\\^^ = ||m||eb • 

Define V,W : 7Vm(^) % given by restricting V, W to Nm{A) C \?{M). We have 
ll^lloo ||l^||oo < ll^ll ||W^|| < ll™l|cb- A direct computation yields that ()5.2p holds for ^ = id^Dm. 
So id (X" m is adapted and 

||id(g) mlU < ||F||oo ll^^lloo < ||m||cb • 
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The proof of the second statement is straightforward. Assume that (vr,^, V, W) satisfies (|5.2p 
with respect to ip- Define ip{x) = ul'ip{xlxx2)u2- Put V{v) = '7t{X{x2)){V{u2v)) and W{w) = 
7r{X{xi)){V{uiw)). It is straightforward to check that (|5.2|) holds for (vr,?^, V, W) with respect 
to V'- So -0 is adapted. □ 

Definition 5.3. Let (M, r) be a tracial von Neumann algebra and B C AI a. von Neumann 
subalgebra. We say that a linear map ip : M ^ M has finite rank relative to B ip can be 
written as a finite linear combination of the maps {ipy^z,r,t \ y,z,r,t G M} where 

i^y,z,r,t -.M^M-.x^ yEB{zxr)t 

and where Eb : M ^ B denotes the unique trace preserving conditional expectation. 

We call a net of linear maps ipi : M ^ M an approximate identity relative to B if all the 
are completely bounded, of finite rank relative to B, and if they satisfy 

sup llV^illcb < oo and lim — x\\2 = for all x G M . 

i « 

The following proposition follows by a straightforward "relativization to -B" of the proof of 
[UzlOl Proposition 7]. For completeness we nevertheless give a detailed proof. 

Proposition 5.4. Let T be a weakly amenable group and {B, r) a tracial von Neumann algebra. 
Put M = B ® L(r) and let A d M be a von Neumann subalgebra that is amenable relative to 
B. Consider the M-A-bimodule IC := L'^{M) (8)bL2(M) and denote by A(x) and p{a°P) the left 
and the right module action of x £ M, a G A. Denote by Sa the C -algebra generated by \{M) 
and p{A°P). 

Then M admits an approximate identity relative to B, denoted by ipi : M ^ M , such that all 
the ipi are adapted in the sense of Lemma \5.B and such that the functionals Hi £ 5^ given by 

: Sa^C : fii{X{x)p{a°^)) = T{ilJi{x)a) for all x £ M,a £ A 

satisfy 

• supj ||/ij|| < oo, 

• limj ll/ij o Ad{X{u)p{u)) — fJ-i\\ =0 for all u G A/a/ (^); 

• \iin.i\\{X{y)p{v)) ■ ^li — pi\\ = for all v £ U{A), where the functional {X{v) p{v)) ■ fii in S\ 
is defined by the formula {{X{y)p{v)) ■ fii){z) = ^i{zX{v) p{a°^)) for all z £ Sa- 

Proof. Whenever ■0j : M — )• M is a normal completely bounded map that is adapted in the 
sense of Lemma 15.21 it follows from (|5.2p that the corresponding functional p,i on Sa is well 
defined and continuous, and satisfies ||;Ui|| < HV'ilU- Here, and in the rest of the proof, we use 
the notation HV'ilU introduced in Lemma |5.2[ 

Since T is weakly amenable we can take a sequence /„ : F — t- C of finitely supported functions 
that tend to 1 pointwise and satisfy limsup„ ||/„||cb < c«. Denote by m„ : L(F) — )• L(F) 
the corresponding completely bounded maps given by m„(ng) = fn{g)ug for all g £T. Then 
id ® m„ : M — )• M forms an approximate identity relative to B. From Lemma 15.21 1 we know 
that id (8> m„ is adapted and that 

lim sup ||id (g) m„m < lim sup ||m„||cb = lim sup ||/n||cb < oo . 

n n n 
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Denote by «; > 1 the infimum of all the numbers limsupj HV'ilU where (ipi) ranges over all 
adapted approximate identities of M relative to B. Because we have the adapted approximate 
identity relative to B given as (id <^ m„), we know that k < oo. 

Then M admits an adapted approximate identity relative to B, denoted as tpi : M ^ M, and 
quadruplets {iTi,T-Li,Vi,Wi) satisfying ()5.2p with respect to V'i and satisfying 

lim ||Vi||oo = \/k = lim ||Wj||oo • 

i i 

We will prove that the net (ipi) satisfies the conclusion of the proposition. 
First fix n € Mm (A) and define 

-.M : tl;^{x) = ipi{xu*)u . 

Note that every ipf still has finite rank relative to B in the sense of Definition 15.31 Hence 
{ip]^) and also {ipi + ipf)/2 are approximate identities of M relative to B. Define V^"(f) := 
7ri{X{u))*Vi{v) for all v G Mm{A). A direct computation shows that (vTj, "Hj, VJ", Wj) satisfies 
(|5^ with respect to ^jf. So the quadruplet {ni,ni, {Vi + V^)/2,Wi) also satisfies ([521) with 
respect to {ipi + tpV')/!. We conclude that {ipi + ipf)/2, and all its subnets, are adapted ap- 
proximate identities relative to B. It follows that liminfj + V'^/^IIa ^ 't, which implies 
that 

K < liminf \\i^Pi + C)/2|U < liminf \\iVi + Vn/2\\oo \\Wi\\oo = V^hminf \\{Vi + V^)/2\\^ . 

i i i 

So we can choose Vi G Mui-A) such that 

v,{vi) + v:^{vi) 



lim inf 



Since < ll^illoo — ^ \/k and also < ll^i"lloo = ll^illoo — > a/^, the parallelogram 

law implies that ||Vi(uj) - —f 0. 

Now define the functionals /i" G S\ that are associated with ipf by the formula 

-.Sa^C: ^,(A(x)p(a°P)) = T{ilj,{xu*)ua) for all x G M,a G ^ . 

One computes that for all x G M, a G A and all i we have 

o Ad(p(l;i)))(A(x)p(a°P)) = T{iPi[xu*)uv.iav*) = {'Ki{X{x)p{a''^))V,^(vi),Wi[v{)) , 
(/u^oAd(p(Ui)))(A(x)p(a°P)) =r(V'.(x)7;,a<) = {Tr,{Xix)pia°P))Viiv,),Wi{v,)) . 

Hence, 

M - /^.ll = - ^^^) ° Ad(p(u,))|| < \\vi^{vi) - v,{vi)\\ \\WM)\\ ^ . 

Starting from the approximate identity relative to B given by tp"^ , we can similarly consider 
the approximate identity relative to B given by "(V'i') • ^ ^ u*tljf{ux) = u*ipi{uxu*)u. The 
net of functionals corresponding to {^{ip'i)) is precisely pi o Ad{X{u) p{u)) . So, by symmetry 

lim ll^i o Ad{X{u)p{u))) - = . 

i 

Since we already showed that limj ||/i" — /ij|| = we arrive at the required result that 

lim \\pi o Ad{X{u)p{u)) — Pi\\ =0 
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for all u e Mm (A). 

Finally, if w G ^(^) we have {X{v*)p{v°^)) ■ fii = fj,^. Since v £ 1^{A) certainly normalizes A, 
we already showed that ||//^ — — >• 0. Hence also limj \\{X{v*)p{v°P)) ■ pi — = and the 
proposition is proven. □ 

Finally we are ready to prove Theorem 15.11 

Proof of Theorem \5.1[ Take an adapted approximate identity {ipi) of M relative to B satisfying 
the conclusion of Proposition 15.41 This means that the continuous functionals 

fii ■■ Sa^ C : /ii(A(x)p(a°P)) = T{^i{x)a) for aU x G M,a G A 

satisfy supj < oo, limj \\fj,ioAd{X{u)p{u)) — fii\\ = for all u G Mm{A) and lim^ \\{X(a)p{a))- 

Define the von Neumann algebra Sa '■= X{M) V acting on the Hilbert space /C = 

L2(M) (g)s L2(M). Observe that Sa is a weakly dense C*-subalgebra of Sa- We claim that the 
functionals p,i £ S\ are normal on Sa- The ipi have finite rank relative to B in the sense of 
Definition 15.31 Using the notation introduced in Definition 15. 3|, in order to prove the claim, it 
suffices to construct for every y, z,r,t £ M a normal functional Py,z,r,t £ {Sa)* satisfying 

liy^z,r,t{X{x)p{a°^)) = T{7py^z,r,t{x)a) for all x G M, a G A . 

Since /C = L^(M) 0b L^(M), a straightforward computation yields that we can take Py,z,r,t of 
the form 

l^y,z,r,t{T) = {T{r 0B t), z* 0B V*) for ah T £ Sa - 
This proves the claim on the normality of the functionals pi. 

We next claim that there exists a normal completely positive unital map £ : N ^ Sa satisfying 

£:M ^Sa- £{TT{x)e{y°P)) = X{x)p{EA{yT^) for all x £ M,y £ P . 

To prove this claim, recall that Af is defined as the von Neumann algebra acting on (L^(M) 0a 
L^{P)) 0e'^{r) generated by 7r(M) and 6'(P°p). The formula 

V -.IC^ {L\M) 0a l2(-P)) ® ^^(r) : V{{b Ug) 0B x) = {bx 0a 1) ® Sg 

yields a well defined isometry and £ can be defined by the formula £{z) = V*zV for all z £ Af. 
This proves the claim. 

Define the normal functionals ji £ A/"* by the formula 7, := pio £. Note that 

7,(^(x)0(y°P)) =r(V.(x)^A(2/)) for ah x G M, y G P . (5.3) 

By the defining property ()5.3p we have that 7i(7r(x)) — )■ r(x) for all x £ M. We also have 
||7i|| < Wt^iW ™d hence supj ||7j|| < 00. 

Since for all u £ AfuiA) we have £ o Ad{TT{u)6{u)) = Ad{X{u)p{u)) o we conclude that for 
all u £ Mm (A) we have 

o Ad{7r {u)9{u)) - 7j|| < \\pi o Ad{X{u)p{u)) - Pi\\ . 

A similar reasoning yields for all a £ U{A) that 

||(7r(a)0(a))-7,-7,|| ^0. 

Choose G G A^* as a weak* limit point of the net (74). By construction 
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• e(7r(x)) = t{x) for all x £ M, 

• {■K{a)0{a)) • e = e for all a G U{A), 

• Go Ad{7r{u)e{u)) = G for all u G A/'a/(A). 

Define the positive functional ^ G J\f^ given by ^ := |G|. For all u G Mm (A) we have 

|G| o Ad(7r(n)0(M)) = |G o Ad{7r{u)e{u))\ = |G| , 

meaning that is (Ad(7r(u)^(u)))„g_^j^^(^)-invariant. 
For all a G (A) , we have 

{■K{a)9{a)) • G = G . (5.4) 

Take a partial isometry V G M** such that ^'(x) = Q(Vx) for all x G M. Applying V to the 
equality (fO|) . we conclude that ^(7r(o)6'(a)) = ^'(1) for all a G 

We finally prove that the restriction of ^ to tt{M) is faithful. Let p G M be a nonzero 
projection. For every x G we have |G(x)p < ||G|| ^'(x*x). So we get that 

t(p)2 = |GKp))|2<||G||^(p). 

Hence ^'(p) > 0. 

Define the subgroups Gi,G2 C hl{J\f) given by := {7r(a)0(a) | a G ^(^)} and Q2 ■ = 
{'7t{u)6{u) I u G Mm {A)}. Observe that the unitaries in Q2 normalize 7r(M) and implement on 
7r(M) an automorphism that is inner and hence preserves the trace r. Lemma 12.91 provides us 
now with a state G M^ such that 

• n{ir{x)) = r(x) for all x G M, 

• Q{7T{a)e{a)) = 1 for all a G U{A), 

• no Ad{-K{u)e{u)) = n for all u G MMiA). 

Take a net of normal states G A/"* such that — )• in the weak* topology. So (x>j(7r(x)) — )• 

r(x) for all X G M and uji{7r{a)9{a)) — t- 1 for all a G Also, for all u G A/a/(v1) we have 
that 

uJi o Ad(7r(u)6'(?l)) — cjj — )• weakly in AC. 

After a passage to convex combinations, we find a net of normal states satisfying all the required 
conditions. □ 



6 Proof of Theorem 13.1 

By Lemma l4. II it suffices to prove Theorem 13.11 for the trivial action of T on {B, r). Moreover, 
for notational convenience, we assume that the projection q in the formulation of Theorem 
13.11 equals 1. In Remark 16.31 at the end of this section, we explain the necessary changes that 
are needed to deal with the general case. These changes are only cosmetic, but notationally 
cumbersome. 

We fix a weakly amenable group F, a tracial von Neumann algebra {B, r) and a 1-cocycle 
c : F — )• into the orthogonal representation : F — )• 0{K^). Write M := B L(F) and fix 
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a von Neumann subalgebra A C M that is amenable relative to B. Denote by P := A/'m(^)" 
its normalize!. We denote by {ug)g^r the canonical unitaries in L(r). 

As in Theorem 15.11 we denote by the von Neumann algebra generated by B and on the 
Hilbert space L2(M) 0a L2(^)- We always view B and as commuting subalgebras of N 
that together generate N. We fix a standard Hilbert space H for N and view A'^ as acting on 
H. This standard representation comes with the anti-unitary involution J : H ^ H. 

We define M := N L(r) and, as in Theorem 15. H we consider the tautological embeddings 

TT : M -.irib^Ug) =b(g)Ug and 9 : ^ M : e{y°^) = y°P 1 

for all 6 G i?, (7 G r, y G P. Clearly 7r(M) commutes with 6{P°^) and together they generate A^. 
Being the tensor product of A" and L(r), the von Neumann algebra N is standardly represented 
011%:= H ®f{T) by the formula 

[x (g) Ug) ■ {i® 5h) = x^® 5gh for all x £ N , g,h £ T , £ H . 

The corresponding anti-unitary involution J' : Ti ^ Ti is given by 6g) = J(, ^g~^- 

Take a net of normal states cOn G A/"* satisfying the conclusions of Theorem 15. 1[ Denote by 
^'H the canonical positive unit vectors that implement uon- Whenever u G Nm{^) it follows 
from |Ta03t Theorem IX.1.2.(iii)] that the vector 

is the canonical positive vector that implements ujn ° Ad(7r(n*)0(n°P)). Using the Powers- 
St0rmer inequality (see e.g. |Ta031 Theorem IX.1.2.(iv)]) the conclusion of Theorem 15.11 can 
now be rewritten as follows in terms of the net (^n)- 

(^(a;)e«, Cn) = Wn(7r(x)) ^ t{x) for all X G M , (6.1) 
\\Ti{a)9{a)in - Cnll ^ for ah a G U{A) , (6.2) 
||7r(n) 9{u) jTr{u) 9(u)J - ^ for all u G A/m(^) • (6.3) 

To prove Theorem 13. II we make use of the malleable deformation (at) of M that was associated 
as follows in |SilO ] with the 1-cocycle c : F — )• K^. We apply this malleable deformation {at) 
to the net (^n)- With a proof that is very similar to [UP071 Theorem 4.9] we will reach the 
conclusion of Theorem 13.11 

First apply the Gaussian construction to the real Hilbert space K^, yielding a tracial abelian 
von Neumann algebra {D,t), generated by unitaries w(^), ^ G ATr, satisfying 

^(e + a = ^(0 ^iO , ^iCr = ^(-0 , T(a;(0) = exp(-||C|| 2/2) 

for all G A'k. The orthogonal representation : F — )• ©(ATr) yields a trace preserving 
action of F on D, denoted by ((Tg)ggri and given by ag{uj{S,)) = uj{rj{g)S,) for all (7 G F, ^ G ATr. 

Denote M := N {D xi T) and view M = N L(F) as a von Neumann subalgebra of M in the 
natural way. We put M := S (8) (Z) x F) and extend the embedding vr : M — )• A/" to the still 
tautological embedding vr : M — t- AA given by 

Tr(b (g) dUg) = 6 (g) (iug for all b £ B , d £ D , g £T . 

We still have 9 : P°^ ^ Kf : 9{y°P) =jy°^ ® 1 for ah y £ P. We have that tt{M) commutes with 
9(P"P) and together they generate M. 
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The 1-cocycle c : F — )• yields the malleable deformation (at)t(^R of [SilOl Section 3], which 
is the one-parameter group of automorphisms of M given by 

at{x (S" dug) = X duj{tc{g))ug for all x G , d £ D , g £ T , t G M . 

Note that at globally preserves the subalgebra 7r(M) C M. We also denote by at the corre- 
sponding deformation of M. Hence aj o vr = vr o q^. Repeating (|c{.l|) we denote by 

ipt : M ^ M : Tpt{b^Ug) = ex.p{-t\\c{g)f){b'S)Ug) for all b £ B, g £ T (6.4) 

the 1-parameter group of completely positive maps associated with the 1-cocycle c. We note 
the crucial formula 

A2/2{x) = EM{at{x)) for aU x G M,t G R . 
Define % := H ^ L^{D) ® i^{T). Then A/" is standardly represented on T-L by 

{X (g) dUg) ■ {(,0 d' (g) 5h) = (g) d(Jg{d!) ® 5gh 

for all X £ N, d,d' £ D, g,h £ T and £ H. The corresponding anti-unitary involution 
J ■.H ^T-L IS given by _ 

J{i®d® 5g) = Ji® Ug-i (d)* 5^-1 

for SillS,£H,d£D, g£T. 

For later use we record the following formulae. 

vr(6 (g) -Ug) • (g) d (g) 5h) = b^i^ ag{d) ® 6gh , 
J-K{b®Ug)J ■{i®d®5h) = JbJi®d®5hg-i , 
e{a°^)-(C(^d0 6h) = a°^^0d(^6h, 
J9{a°^)J ■{^(^dCS6h) = Ja°PJC ^dCSSt, 

for all 6 G 5, /i G r, (i G and £ H. 

The canonical unitary implementation {Vt)teR of the malleable deformation (at)teiR of is 
given by 

VtiS, <S)d0 5g) = ^(g) duj{tc{g)) (g) 6g 
for all ^ £ H, d £ D, g £T, and satisfies JVt = VtJ for all t £ M. 

Denote hy e : H ^ H the orthogonal projection, where we identified H = H ^^(r) with the 
subspace H®Cl® f{V) of n = H g) L'^{D) <g) ^^(r). We write := 1 - e. 

We distinguish the following two cases which are each other's negation. 

Case 1. For every nonzero central projection p £ Z{P) and for every t > we have 

limsup ||e-^yt7r(p)^„|| > -^^^ . 

n o 

Case 2. There exists a nonzero central projection p £ Z[P) and a t > such that 

limsup ||e-^V^7r(p)^„|| < -^^^ . 

n o 

Denote by p : F — )■ IA{L?{D CI)) the Koopman representation for F r\ D CI. Denote by 
KP the associated M-M-bimodule on the Hilbert space /C^ := 1?{D CI) 1?{M) as in ([3:2]) . 
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We first prove in Lemma |6. II below that in case 1, the M-M-bimodule fC^ is left P-amenable 
and that this implies the left P-amenability of the M-M-bimodule fC^ associated with the 
original orthogonal representation ry : F — )■ 0{K-^). We next prove in Lemma 16.21 below that in 
case 2 there exist t, 5 > such that ||V't(«)||2 > ^ for all a G U{A). 

So once both Lemmas \6.1\ and \6.B are proven, also Theorem \3.1\ is proven. 
Lemma 6.1. In case 1 the M -M -himodule fC^ is left P-amenable. 

Proof. Throughout the proof we write K := L^{D Q CI). 

The main part of the proof consists in showing the left P-amenability of the the M-M-bimodule 
ICP. From the definition of the M-M-bimodule JC in ([32]) we see that B{]CP) n (M°p)' can be 
identified with B{K) (8) M in such a way that the left M-module action on K-P corresponds to 
the embedding 

Ap : M ^ B{K) ^ M : Ap{b Ug) = p{g) ®b®Ug . 

So to prove the left P-amenability of /C, we have to produce a Ap(P)-central state on 
B{K)®M satisfying J7(Ap(x)) = t{x) for ah x G M. 

Since P is the normalizer of A inside M, we have P' DM = Z{P). We apply Lemma [2.9l to the 
von Neumann algebra Yi{K)®M with von Neumann subalgebra Ap(M) and groups of unitaries 
Qi = {1}, Q2 = Ap{h({P)). To prove the left P-amenability of /C, by Lemma [2.91 it suffices 
to find for every nonzero central projection p G Z{P) a Ap(P)-central positive functional on 
B(if) ® M whose restriction to Ap(M) is normal and nonzero on Ap(p). Fix a nonzero central 
projection p £ Z{P). 

Consider the unitary operator 

U -.K^H^ e^{r) ^nQn = H ® 1}{D Q Cl) ® ^^(p) :U{d^^06g) = ^^d^Sg 

for all d G DqCI, ^ € H and g G F. Consider id^ir : B(^)®M B{K)^Af and then define 

^ : B{K) ^ M ^ B{n e n) : ^(5) = C/(id tt){S)U* . 

For X G M we can view tt{x) as an element of M. As such it{x) acts on T-L QTi and with this 
point of view we have \I'(Ap(x)) = 7r(x) for all x G M. Further note that 

^(B(^) ^M) = B^ B(l2(P) e Cl)) ^ {Xg\ge T}" . 

Using formulae (|6.5p it follows that 

e{P°P) V j7r{M)J V J9{P°'^)J = (P°P V JBJ V JP°p J) ^ 1 ^ {pg \ g e F}" . 

Hence, ^ _ _ _ 

"^(BiK) M) commutes with 6'(P°p) V Jtt{M)J V je{P''^)J . (6.6) 

We claim that there exists a net of vectors fj-i G Ti QTi such that < 1 for all i and 

lim Wtt (u) e {u) J TT{u)d{u) J fii- p.i\\ =0 for all u G A/'a/(A), (6.7) 

i 

limsup ||7r(x)/ij|| < ||x||2 for all x G M, (6-8) 

i 

liminf||^(p)/i,||>Mk. (6.9) 
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Once this claim is proven, we choose a positive functional Q on B(i^) (8i M as a weak* limit 
point of the net S i— )■ (^'(S')/ij, /ij). 

The commutation in ()6.6p together with (|6.7p implies that ilo Ad Ap('u) = il. for all n G A/jvf (^)- 
Since ^'(Ap(x)) = 7r(x) for ah x e M, the formulae and dSS]) imply that n{Ap{x)) < t{x) 
for all X S M"^ and that Q{Ap{p)) > t(j))/256. In particular the restriction of Q to Ap{M) is 
normal and nonzero on Ap(p). 

We finally show that 0, is Ap(P)-central. Choose x e P and S" G B(^) M with ||x|| < 1 
and \\S\\ < 1. We need to prove that Cl{Ap{x)S) = Cl{SAp{x)). To prove this formula, choose 
e > 0. Take a finite linear combination y of unitaries u G A/jv/l^) such that ||x — y\\2 < £• 
Since fio Ad Ap(n) = Q for all ?/ G A/'m(-4), we get that J](Ap(y)S') = n{SAp{y)). The Cauchy 
Schwarz inequality, the inequality 0(Ap(z)) < r(z) for all z G M+ and the choice of \\S\\ < 1 
imply that 

\niAp{x)S) - 0(Ap(2/)5)|2 = |J7(Ap(x - 

< 0(Ap((x - y)(x - y)*)) n{S*S) < \\x - y\\l < . 

We similarly get that \Cl{SAp{x)) — Q{SAp{y))\ < e. So we have shown that 

\n{Ap{x)S) - n{SAp{x))\ < 2e 

for all e > 0. Hence the required formula VL{Ap{x)S) = 0(S'Ap(x)) follows and we have proven 
the Ap(P)-centrality of Vt. As observed in the first paragraph this concludes the proof of the 
left P- amenability of fC^ . 

It remains to prove the claim above, i.e. the existence of a net of vectors /ij G TiOTi satisfying 
ll^ill ^ 1 fo^ S'll ^ satisfying (|5.7|) . (|5.8|) and (|6.9p above. Take finite subsets C Mm{^), 
G C M and e > 0. It suffices to find a vector fi £ Ti QT-L such that < 1 and 

\\Tr{u)9{u)jTT{u)d{u)J^j.-fi\\<3e for ah li G J", (6.10) 
|K(x)/i|| < ||x||2 + e for ah X G ^, (6-11) 

MpH > Mi _ , . (6.12) 

We will find /x of the form jj := e'^Vt7r{p)^n by first choosing t > small enough and then 
choosing n large enough. 

Take t > small enough such that 

||a_t(u) — nib < e for all u £ T and ||a_t(p) — plU < . 

16 

Define i^n '■= e-'-Vt7r(p)^„. We prove that /x := /x„ for certain n large enough satisfies the 
conditions (fOO]) . (f6TT]) and (f6T2]l above. 

The projection e"*" commutes with 7r(M), 9{P°^) and with J^. The unitary Vj implements at 
on 7r(M) and commutes with 9[P°^) and with J . So we get that 

tt{u) e{u) Jt:{u) e{u)Jfin = e^Vt 9{u) je{u)J ^{a-t{u)p) J^{a-t{u))J C„ . 

Since J^n = and using (|6.ip we have for all n G that 

limsup \\J'K{a-t{u))J in - Jt^{u)J in\\ = \\ot-t{u) - u\\2 < e . 
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We apply 7r(a_j(n)p) and first observe that 

Tr{a-tiu)p) J'k{u)J = JiTiu)J Tr{a-t{u)p) £,n ■ 
Again by ()6.ip we have 

Hmsup \\Tr{a-tiu)p)(,n - T^iup)^n\\ = \\a-tiu)p - up\\2 < e . 

n 

Altogether it follows that for all u ^ T ^ 

limsup ||7r(n) J-i^iu) 6{u)J^ri — /"nil 

n 

< 2e + limsup||7r(p) {7r{u) 9{u) Jtt{u)9{u)J Cn - ^n)\\ ■ 

n 

By (|6.3p the limsup on the right hand side is and we conclude that ()6.10p holds for all /Li := 
with n large enough. 

Next observe that for all x G M, 

limsup ||7r(j;)/x„ II < limsup ||7r(a_i(x)p)^ri|| = ||a-t(a::)p||2 < WAh ■ 

n n 

Hence also (j6.1ip holds for all /x := /i„, with n large enough. 

Finally, by the assumption of case 1 we know that limsup^ ll^nll > llplb/S. Noticing that 

\\p\\2 

limsup II 7r(p)^„ - ^in\\ < limsup ||7r(a_t(p)?' - p)Cn|| = \\a-t{p)p - ph < —r^ , 

n n -Lb 

we conclude that 

limsup II 7r(p);U„ II > . 
n 16 

So ()6.12p holds for certain := /x„ where n can be chosen arbitrarily large. Altogether there 
indeed exists an n such that := fin satisfies all the conditions (j6.10p . (j6.1ip and (|6.12p . 

So we have proven that /C is a left P-amenable Af-Af-bimodule. It remains to prove that also 
/C is a left P-amenable M-M-bimodule. Denote by e the trivial representation of T and define 
the unitary representation 7 of T as the direct sum of e and all tensor powers rj^^, k > 1. 
The Koopman representation p : F — )• U(L'^{D CI)) is isomorphic to the direct sum of all 
the A;-fold (k > 1) symmetric tensor powers of rj. Hence p is a subrepresentation of the tensor 
product representation 7. By Corollary 12.51 it follows that /C^t also is a left P-amenable 
M-M-bimodule. But 

M/C^^Af = m{}C'^^m}C^)m. 
Condition 5 in Proposition 12.41 now implies the left P-amenability of m^'^m- D 

Lemma 6.2. In case 2 there exist t,5 > Q such that \\ipt{o)\\2 ^ ^ for all a E U{A). 
Proof. Fix a nonzero central projection p G Z{P) and a t > such that 

limsup ||e-^T47r(p)^„|| < -^^^ . 

n o 

A direct computation yields the transversality property of |Po06bl Lemma 2.1] : 

ll^v^t /" - Aill = \/2||e-^14/x|| for aWn^^rLCH. 
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Replacing t by ^/2t, we have found a nonzero central projection p € Z{P) and a t > such 
that 

IIpIIs 

limsup \\VtTT{p)^n - 7r(p)Cn|| < — ;— • 

Recall from (j6.4p the definition of the unital completely positive maps ■0t : M — t- M. Also recall 
that ^32/2(2;) = EM{ois{x)) for all x G M and all s S M. We prove that 

\W/2{o)h > ^ for all a G U{A) . (6.13) 
Once this inequality is proven, also the lemma is proven. 

To prove (j6.13p fix a unitary a G U{A). First notice that for all fi £ Ti C Ti and for all x € M, 
we have 

e7r(a_t(x))/i = 7r(V't2/2(x))^ . 
Using this formula we next prove that 

limsup\{TT{a)e{a)Vt7T{p)Cn,Vt7r{p)^n)\ < Uty2{a)h \\ph ■ (6-14) 

n 

Indeed, since Vt commutes with 9(a) and implements at on vr(M), we observe that 

{7r{a)0{a)VtTr{p)U,Vt7r{p)^n) = (7r(a_t(a)p)^„, e(a°P)7r(p)e„) 

= {e7r{a.t{a)p)^n,e{a°nAp)^n) 
= {^{iPfi,2{a)p)in,e{a°^)^{p)in) 

Using (|6.1|) the lim sup of the absolute value of the last expression is smaller or equal than 
limsup ||7r(V't2/2(a)p)Cn|| ||vr(p)Cn|| = Wi^fi /2{o)v\\2 Wph < IIV't2/2(a)||2 ||p||2 • 

n 

So ()6.14p is proven. 

Secondly, the fact that limsup^ ||Vt7r(j?)^ri — '^(j')Cnll < l|p||2/4, while limsup„ ||T47r(p)^n||2 = 
||p||2, implies that 

Yiuisnp\{'K{a)e{a)VtTi{p)in,VtT^{p)U) " {T^{a)e{a)^{p)in,T^{p)in)\ < t{p)/2 . 

n 

Since moreover by ()6.ip and ()6.2p we have 
we conclude that 

limmi\{7r{a)e(a)VtTT{p)U,Vt7r{p)^n)\ > r{p)/2 . 

In combination with ()6.14p we find (|6.13p and this ends the proof of the lemma. □ 

Remark 6.3. Above we only proved Theorem 13. II in the special case where the projection q in 
the formulation of the theorem equals 1. Assume now that q is an arbitrary nonzero projection 
and that A C qMq is a von Neumann subalgebra that is amenable relative to B. Lemma l4.ll 
was proven for arbitrary q so that we can still assume that T acts trivially on {B,t). Denote 
by P := JVqMqi^y the normalizer of A inside qMq. Define as the von Neumann algebra 
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generated by B and P°p on the Hilbert space L'^{M)q 0a L^(-P)- Put J\f := N L(r) and 
define the tautological embeddings 

TT : M ^ Af : irib (0 Ug) = b tE) Ug and : P°p ^ : 0(y°P) = y°P ® 1 

for all b e B,g eT,y £ P. 

With literally the same proof as the one of Theorem 15.11 we find a net of normal positive 
functional G (7i"(Q')A/'7r(g))* satisfying the following properties. 

• uJi{Tr{x)) — )• r(x) for all x £ qMq, 

• uJi{Tr{a)9{a)) 1 for all a G U{A), 

• \\uJi O Ad{TT{u)9(u)) — UJiW — )• for all U £ MqMqi^)- 

Again we take the canonical implementation of the functionals by positive vectors (^j) in 
a standard Hilbert space for N . We proceed with these vectors in exactly the same way as 
above. 



7 Proof of Theorem 11.2 

Using |PoOH Theorem A.l] Theorem 11.21 is an immediate consequence of the following result. 

Theorem 7.1. Let T he any of the groups in the formulation of Theorem ] 1.1^ Take an arbitrary 
trace preserving action T r\ {B,t) and put M = x T. Assume that q £ M is a projection 
and that A C qMq is a von Neumann subalgebra that is amenable relative to B and whose 
normalizer P := MqMq{A)" has finite index in qMq. Then A -<m B. 

Proof Whenever : F — )• 0{K^) is an orthogonal representation, we consider its complexi- 
fication : F — )• U{K) and the corresponding M-M-bimodule given by (|3.2|) . Whenever 
c : F — )■ is a 1-cocycle into rj, we consider the 1-parameter family of completely positive 
maps {ipt)t>o on M given by (|3.1|) . 

We first prove that if r/ : F — )• U{K) is a unitary representation such that the P-M-bimodule 
g/C is left P-amenable, then ry is an amenable representation. 

So assume that qlC^ is a left P-amenable P-M-bimodule. Since P C qMq has finite index, it 
follows from Corollarv 12.61 that qfC^ is also left gMg-amenable. Defining 

Ajj : M ^ B{K)0M : Aj^{bug) = r]{g) (g) bUg for aU b£ B,g £T , 

the left gMq'-amenability of g/C precisely amounts to the existence of a positive functional ft 
on B(i^) (S> M with the following properties. 

• n{l - Ar,{q)) = and il(A^(x)) = t{x) for aU x £ qMq. 

• n{SA^{x)) = n{Ar,{x)S) for all S £ B{K)0M and all x £ qMq. 

Choose partial isometries vi, . . . ,Vn £ M such that v*Vi < q for all i and such that Y17=i ''^i'^^i 
is a nonzero central projection z £ Z{M). Define the positive functional on B{K) ® M hy 
the formula 

n 

n{S) ■.= ^VL{A,r,{vi)SA^{vi)) for ah S £ B{K)®M . 

i=l 
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A direct computation yields il(A^(x)) = t{x) for all x G Mz and that 0(1 — A^(2;)) = 0. 

We now prove that n{SA^{x)) = h{A^{x)S) for all S G B{K)^M and ah x G M. Since z is 
central, we have xvi = zxvi and v*xz = VjX for all Also observe that t'jxfi G gMg for all 
X G M and all So we get that 

n n 

n{SA^{x)) = Y,^i\iv*)SA^{xv,)) = ^n{A^{v*)SAr,{zxvi)) 

i=l i=l 
n 

= fi{Ar,{v*)SAr,{Vj)A^{v*XVi)) 
n 

= n{A^{v*xviV*)SA^{vj)) 

n n 

= Y,^i\iv*xz)SA^{v,)) = Y,^i\ivjx)SA^{vj)) 

= n{Ar,{x)s) . 

Define the state ^ on B{K) by the formula "^{S) = The following computation 

shows that ^ is (Adr/((7))ggr-iiivariant and hence that tj is an amenable representation. 

0(1) ^(Sr^ig)) = niSr^ig) ® 1) = 0((5 » u*g)A^iug)) 

= n{A^{ug)iS ^ u*)) = h{r^{g)S 0l) = 0(1) ^ir]ig)S) . 

We are now ready to prove that for both families of groups F in the formulation of Theorem 
11.21 we get that A^mB. If /3i^(r) > 0, we know that T is nonamenable and that T admits an 
unbounded 1-cocycle c into a multiple of the regular representation. The regular representation 
is mixing and is nonamenable by the nonamenability of F. So to cover the first family of groups 
in Theorem 11.21 it suffices to consider a weakly amenable group F that admits an unbounded 
1-cocycle c : F — t- into a nonamenable mixing representation : F — )• 0{K^. From 
the discussion above we know that the P-M-bimodule g/C is not left P-amenable. So, from 
Theorem [Owe get t,5 > such that ||V't(a)||2 > 5 for ah aeU{A). 

As in the first paragraphs of Section Owe consider the malleable deformation (at) of the tracial 
von Neumann algebra M := {B®D)y\T , where F r\ (D, r) is the Gaussian action corresponding 
to : F — > 0{K^) and where T r\ B D diagonally. Since rj is mixing and ||^f(a)||2 > 5 for 
all a G U{A), we get from [ValObl Proposition 3.9] a nonzero central projection p G -ZY-P) such 
that at — ^ id uniformly in || • II2 on the unit bah of Ap. U Ay^M B,it follows fronfl [ValObl 
Theorem 3.10] that at — s- id uniformly in || • II2 on the unit ball of Pp. Since P C qMq has finite 
index, also Pp C pMp has finite index. Using a Pimsner-Popa basi^, it follows that at — )• id 
uniformly in || • II2 on the unit ball of pMp. Denoting by z G Z{M) the central support of p, it 
follows that at — ?• id uniformly in || • II2 on the unit ball of Mz. This means that also ipt id 
uniformly in || • II2 on the unit ball of Mz. If t — t- 0, we know that \\ipt{xz) — ^l^t{x)z\\2 is small 
uniformly in x belonging to the unit ball of M. So we can fix a t > such that 

\\Mx)z\\2 > \\z\\2/2 for all x G U{M) . 

^We refer here to [ValObj where the notation and formulation is exactly suited for our purposes. Note however 
that the quoted result is due to Peterson [Pe06l Theorem 4.5] and Chifan-Peterson [CPIOI Theorem 2.5]. 

^See [PP84I Proposition 1.3] and see [Va07l Proposition A. 2] for a nonfactorial version that can be readily 
applied here. 
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Since c : F — )• is unbounded, we can take a sequence £ T such that ||c(g(„)|| — )• oo. 
It follows that ||V't(^gn)ll2 — as n — c«. Hence also ('"3n)-^ll2 — ^ 0, contradicting the 
previous estimate. So we have shown that actually A -<m B. 

Next consider the case where F is a weakly amenable group that admits a proper 1-cocycle 
c : F — )• into a nonamenable representation : F — )• 0{K^). From the first paragraphs of 
the proof we know that the P-M-bimodule qfC^ is not left P-amenable. So, from Theorem 13. II 
we get t,6 > such that ||^/'t(a)||2 > S for all a G h({A). Whenever x £ M, we denote by 

X = XgUg with Xg £ B foi all g £ T (7.1) 

the Fourier decomposition of x. A direct computation yields 

||^,(x)||2 = J]exp(-2t||c(<7)f)||x,||i (7.2) 

for all X £ M,t> 0. 

If A -Am B, Definition 12.11 yields a sequence of unitaries £ U{A) such that for every fixed 
5 G F we have that lim^ ||(afc)g||2 = 0. The properness of the 1-cocycle c : F — )• ^Cr, together 
with formula (|7.2|) . implies that lim^ ||V't(flfc)||2 = 0. This is a contradiction with the property 
that ||V't(flfc)||2 > 5 for all k. So we also get A -<m B when F belongs to the second family of 
groups in Theorem 1 1.2[ 

To finally conclude that A -<yj,j B, observe that [ValObt Proposition 2.5] provides a projection 
£ Z[P) such that Aq^ -<{^ B and A{q — qq) -/{m B. Applying the above to the subalgebra 
^iQ — Qo) C (g — qo)M{q — go) implies that q — qo = 0. □ 



8 Proof of Theorem 11.6 

Take M = S xi F as in the formulation of Theorem 11.61 Let ^ C M be a von Neumann 
subalgebra that is amenable relative to B and denote by P : = Mm (A)" its normalizer. 

By our assumptions F is weakly amenable and we have a proper 1-cocycle c : F — )• into 
an orthogonal representation r/ : F — )• 0{Kr) that is weakly contained in the regular represen- 
tation. We consider the M-M-bimodule /C associated with r] as in ()3.2p and we consider the 
1-parameter group {ipt)t>o of completely positive maps on M associated with the 1-cocycle c 
as in ()3.ip . Theorem 13.11 says that 

• either the M-M-bimodule fC^ is left P-amenable, 

• or there exist t,5 > such that ||^i(a)||2 > 6 for all a £ U{A). 

First assume that /C^ is a left P-amenable M-M-bimodule. Since r] is weakly contained in 
the regular representation A, it follows that /C is weakly contained in /C^ as M-M-bimodules. 
Corollary [23] then implies that /C^ is a left P-amenable M-M-bimodule. As an M-M-bimodule 
IC^ is isomorphic with the M-M-bimodule L2(M) (g)B L2(M). So m(L^(^) "^b L^(M))m is left 
P-amenable. By condition 5 in Proposition 12.41 also jv/L^(M)^ is left P-amenable. This means 
exactly that P is amenable relative to B. 

Finally assume that we have t,6 > such that ||?/'t(a)||2 > S for all a £ 1/({A). We repeat a 
paragraph from the proof of Theorem 11.21 using the Fourier decomposition of x G M as in 
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(j7.ip . If A y^M B, Definition 12.11 yields a sequence of unitaries E such that for every 

fixed g £ T we have that limfc ||(afc)g||2 = 0. The properness of the 1-cocycle c : F — >• K^, 
together with formula (|7.2|) . implies that lim^ ||^t(afc)||2 = 0. This is a contradiction with the 
property that ||V'i(flfc)||2 > S for all k. So, A ■<m B and the theorem is proven. □ 

9 Proof of Theorem 11.7 

Using e.g. [ValObl Proposition 2.5], we find projections pi G Z,{P) such that Api -<{^ i? xi Fj 
and A{l—pi) -^m -B x Fj for alH = 1, . . . , n. Of course, some or even all of the pi could be zero. 
Define := 1 — (pi V • • • V p^)- We consider the subalgebra Ap<^ C poMpQ, whose normalizer 
is given by Ppo- We need to prove that Ppo is amenable relative to B. 

By construction, for every i we have that Apo -/{m B yiVi. Viewing M as the crossed product 
M = {B y\ Fj) XI Fj, it then follows from Theorem 1 1 . 6 1 that Ppo is amenable relative to x Fj 
for every i = 1, . . . , n. 

All the subalgebras S x Fj C M are regular and all the crossed products of S by a certain num- 
ber of the Fj's are in commuting square position with respect to each other. So by Proposition 
12.71 "we conclude that PpQ is amenable relative to -B. □ 

10 Proof of Theorem [TS] 

Let F = Ai * A2 be any weakly amenable free product group and consider M = i? xi F as in 
the formulation of the theorem. Let A d M he a, von Neumann subalgebra that is amenable 
relative to B. Denote by P := J\fM{A)" its normalizer. Using e.g. [ValObl Proposition 2.5], we 
can take projections q,pi,P2 S Z{P) such that 

• Aq -<{j B and ^(1 - q) -/<m B, 

• Ppi -<{^ X Aj and P(l - pi) yi.M B xi Aj for all i = 1, 2. 

As above, some or all of the q,pi,P2 might be zero. Denote Po = 1 — Vpi Vp2)- We have to 
prove that Ppo is amenable relative to B. 

For 5 € F denote by \g\ the length of g, i.e. the number of elements needed to write g as an 
alternating product of elements in Ai — {e} and A2 — {e}. Consider the direct sum := 
^^(F) © ^r(F) of two copies of the regular representation of F and denote this orthogonal 
representation as r]. Define the unique 1-cocycle c : F — )• satisfying 

c{g) = {5g — 5e, 0) for all 5 G Ai and c{h) = (0, 5h — 5e) for all h £ A2 ■ 

One computes easily that ||c((7)|p = 2\g\ for all g G F. 

We denote by /C the M-M-bimodule associated with rj as in (|3.2p . We consider the 1-parameter 
group (V't)t>o of completely positive maps on M associated with the 1-cocycle c as in ()3.ip . We 
apply Theorem 13.11 to the subalgebra ApQ C pqMpq. Note that the normalizer of ApQ inside 
PoMpo is precisely Ppo- So by Theorem 13.11 either poJC^ is a left PpQ-amenable poMpQ-M- 
bimodule, or there exist t,6 > such that ||'i/'t(a)||2 > 6 for all a G U{Apq). 

Because by construction ApQ -/^m B and PpQ 7^^/ ^ x Aj for all i = 1, 2, it follows from one of 
the main results in |IPP05] (and actually by literally applying the version that we presented as 
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|PV09l Theorem 5.4]) that it is impossible to have ||'i/'i(a)||2 > ^ for ah a G Ui^Apo). So poK^^ is 
a left Ppo-amenable pqM pQ-M-himodule. Since 77 is a multiple of the regular representation, 
this implies in the same way as in the proof of Theorem that Ppo is amenable relative to 
B. 

11 Stability under measure equivalence subgroups 

Consider the following strengthening of Cg-rigidity involving measure preserving actions on 
potentially infinite measure spaces. 

Definition 11.1. We say that a countable group T has property (*) if the following holds: for 
every measure preserving action F r\ (X, /x) on a standard, possibly infinite, measure space 
(X, /i) and for every abelian von Neumann subalgebra A C qMq where M = L°°{X) x F and 
q G L°°{X) a projection of finite measure, we have the dichotomy that either A ^qMg L°°(X)g 
or that the normalizer NqMq{^)" is amenable. 

Obviously every nonamenable group F satisfying property (*) is Cg-rigid. 

We first prove that any weakly amenable group F that admits a proper 1-cocycle into an 
orthogonal representation that is weakly contained in the regular representation, has prop- 
erty (*). Then we will show that property (*) is preserved under the passage to measure 
equivalence subgroups (ME-subgroups). Also weak amenability is stable under the passage to 
ME-subgroups. Interestingly enough, it is not known whether having a proper 1-cocycle into 
an orthogonal representation that is weakly contained in the regular representation, is stable 
under ME-subgroups (or even under measure equivalence). To prove such a stability result one 
needs an integrability condition on the associated orbit equivalence cocycle (cf. [ThOS^ Theorem 
5.10]). 

Recall that a countable group A is said to be an ME-subgroup of a countable group F if F x A 
admits a measure preserving action on a, typically infinite, standard measure space {Q, m) such 
that both the actions F r> and A r^- Q are free and admit a fundamental domain, with the 
fundamental domain of F having finite measure. If the actions can be chosen in such a 
way that also the fundamental domain of A ^ $7 has finite measure, the groups F and A are 
called measure equivalent. 

Theorem 11.2. Let T he a weakly amenable group that admits a proper 1-cocycle into an 
orthogonal representation that is weakly contained in the regular representation. Then F has 
property (*) in the sense of Definition \lin\ 

Proof. Choose a measure preserving action F r\ (X, /x). Put B = 1j°°{X) and let g G be a 
projection of finite measure. Put M = B yiT and let A C qMq be an abelian von Neumann 
subalgebra. Denote by P := NqMq{-^)" the normalizer of A inside qMq. Define the normal 
*-homomorphism 

A : M ^ M ^ L(F) : A(6ng) = hug ® Ug for ah be B,g eT . 

So A{A) is an abelian von Neumann subalgebra of qMq L(F). Since qMq has a finite trace, 
we can apply Theorem 11.61 with B = qMq and T r\ B the trivial action. This means that 
either A{A) -<gA/(j®L(r) QMq (g) 1 or that A(P) is amenable relative to qMq 1. With exactly 
the same argument as in the proof of Lemma 14. H it follows that either A -<qMq Bq or that P 
is amenable relative to Bq, which implies that P is plainly amenable. □ 
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Proposition 11.3. IfT is a countable group satisfying property (*), then also all ME-subgroups 
ofV satisfy property (*). 

Proof. Part 1 : to establish property (*), it suffices to consider free measure preserving actions 
r r\ (Xjh). Indeed, assume tliat property (*) liolds for all free measure preserving actions of 
r and let T r\ {X,fi) be any measure preserving action. Put M = h°°{X) xi T. Assume that 
q £ L°°{X) is a projection of finite measure and that A C qMq is an abelian von Neumann 
subalgebra. We have to prove that either A ^qUq ^°°{X)q or that MqMq{A)" is amenable. 

Let r y be any free pmp action, e.g. a Bernoulli action. Then the diagonal action T r\Y xX 
is free. Put M = L°°(y x X) xi F and view M C M in the obvious way. Then q = 1® q is 
a projection of finite measure and we can view A as a subalgebra of qMq. Since property (*) 
holds for free actions we have that either A -<~^~\J^ {Y x X)q oi that -^gj^gi^)" is amenable. 
In the first case, it follows that A -KqMq ^°°{X)q, while in the second case also the subalgebra 
J^qiviq{A)" of J\f~^~{A)" is amenable. This ends the proof of part 1. 

Part 2 : if r has property (*), then F x G has property (*) for every finite group G. By part 
1, it suffices to consider free measure preserving actions T x G r\Y . Then L°°(y) xi (F x G) 
is isomorphic with {L°°{X) x F)" where n = |G|, X = Y/G and where we use the notation 
:= M„(C) (g) Q. Moreover, under this isomorphism L°°(y) corresponds to D„(C) ® L°°(X), 
where D„(C) C M„(C) denotes the subalgebra of diagonal matrices. So take a free measure 
preserving action F r\ (X,^), write B = L°°(X) and take an integer n and a projection of 
finite measure q S D„(C) (8) B. Write M := B x T and assume that A C qM^q is an abelian 
von Neumann subalgebra. Assume that A y^qM"q qB'^q. Denote P := MqM^qiA)" . We must 
prove that P is amenable. 

Denote by C L°°(X) the subalgebra of F-invariant functions. Since F X is free, we have 
that p = Z{M) and (1 (g) D)q = Z{qM"-q). Denote A = AV {10 D)q. Obviously A is abelian 
and A y^qM^q qB^q. Every unitary u G U{qM'^q) that normalizes A, commutes with (1 (8) D)q 
and hence, also normalizes A. So P is also the normalizer of A. 

Since q G D„(C)(8>i?, we write q = Y17=i ^a^lii where qi £ B are projections of finite measure. 
We claim that there exist orthogonal projections pi G A, with sum q, such that, inside qM^q, 
the projections pi and eu^qi are equivalent for all i = 1, . . . , n. To prove this claim, it suffices to 
show that "A is diffuse over the center {\®D)q^\ i.e. it suffices to show that there is no nonzero 
projection p £ A such that Ap = (1 D)p. This follows immediately since (1 D)q C qB^q 
and since we assumed that A 7^ qB'^q. 

By the claim in the previous paragraph, we can take partial isometrics f 1, . . . , u„ G Mi_„(C)(5D-/Vf 
such that ViV* = qi and such that v*Vi = pi where the pi are orthogonal projections in A with 
sum q. Define Ai := ViAv* and Pi := ViPv^. By |Po031 Lemma 3.5], Pi is the normalizer of 
Ai inside qiMqi. Since A -/{ qB"'q, we also have that Ai y^qfMqi Bqi. Since property (*) holds 
for F, it follows that Pi is amenable for every i. Hence, PiPpi is amenable for every i. Since 
Y17=iPi ~ 1 ™^ i^ ^'^i^ °^ i^ follows that P is amenable. This concludes the proof of 
part 2. 

Part 3 : property (*) is stable under ME-subgroups. Assume that F satisfies property (*) 
and that A is an ME-subgroup of F. Take a measure preserving action F x A r> (Q, m) such 
that the actions F r> i7 and A r> $7 are free and admit a measurable fundamental domain, 
with the fundamental domain of F 17 having finite measure. Taking the diagonal product of 
F X A r> Q with a free pmp action of F x A, we may assume that F x A r> Q is free. Choosing 
an ergodic component, we may further assume that F x A r> is ergodic. Put Z = Q/A, 
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y = O/r and consider the natural measure preserving actions T r\ Z and A r\ Y, with the 
measure on Y being finite. Note that both actions are free and ergodic. 

As in jFu981 Lemma 3.2 and Theorem 3.3] the free ergodic measure preserving actions T r\ Z 
and A r\Y are by construction stably orbit equivalent. Denote by t the compression constant 
of this stable orbit equivalence, where by convention t = +00 if Z has infinite measure. If f < 1, 
we replace T r\ Z hy T x TLjnL r\ Z x TLjnL for n large enough such that 1/n < t. By part 2 
of the proof, F x "LjnL still has property (*). So we may assume that t > 1. This means that 
we can find a subset Zq C Z oi finite measure and a measure scaling isomorphism 9 : Zq ^ Y 
such that 6{Zq CiT ■ z) = A - 9{z) for a.e. z G Zq. 

Since T r\ Z is ergodic and Zq d Z \s non-negligible, we can choose a measurable map 
p : Z — )• Zq such that p{z) = z for a.e. 2: S Zq and p{z) G F • z for a.e. z ^ Z. Denote by 
cj : F X Z — )■ A the 1-cocycle for the action F ^ Z with values in A determined by 

9{p{g ■ z)) = uj{g, z) • 9{p{z)) for all 5 € F and a.e. z ^ Z . 

Let A r\ {X,fi) be any measure preserving action on a standard measure space {X,fi). Put 
B = Ij°°{X) and M = B x A. Let q £ B he a projection of finite measure. Assume that 
A C qMq is an abelian von Neumann subalgebra. We have to prove that either A -<qMq Bq or 
that the normalizer NqMq{A)" is amenable. 

Define the free measure preserving action T r\ Z x X given by g ■ {z,x) = {g ■ z,uj{g,z) ■ x). 
Put B := L°°(Z X X) and M := B xT. We write p = xzo ^ L°°(Z). By construction, the 
restriction of the orbit equivalence relation of F Z x X to the subset Zq x X is isomorphic, 
through 6 x id, with the orbit equivalence relation of the diagonal action A r\ Y x X . So we 
find an isomorphism of von Neumann algebras 

^ : (p l)M{p 1) ^ L°°(y X X) X A 

satisfying ^(F) = F o 6^^ for all F £ L°^(Zo x X). In^ particular, ^'"^(1 q) = p0 q^ Note 
that p ® q is a projection of finite measure in B. Put A := ^^^(1 (g) A) and note that A is an 
abelian von Neumann subalgebra of {p (X" q)M{p ® q). Since F has property (*), we conclude 
that either A embeds into {p q)B{p ® q) inside {p ® q)M{p ® q), or that A has an amenable 
normalizer inside {p®q)M{p®q). Transporting back with ^, we get that either 1®A embeds 
into L°°(y X X){l®q) inside {l®q){lj°°{Y x X) x A){l®q), or that the normalizer of is 
amenable. In the first case, it follows that A embeds into \-P°{X)q inside qMq. In the second 
case, we get that MqMq{A)" is amenable. □ 

12 Applications to W*-superrigidity and classification results 

We start this section by proving Theorem II. 5 [ 

Proof of TheoremlTE 1- If L°^(X) x F„ ^ L°°(y) x F^, it follows from Theorem O that the 
free ergodic pmp actions ¥n r\ X and r\ Y are orbit equivalent. It then follows from 
[GaOH Theoreme 3.2] that n = m. 

2. In one direction the isomorphism of the IIi factors together with Theorem 11.21 implies that 
the actions F„ r\ X^" and F^ ^ Yq"" are stably orbit equivalent with compression constant 
s/t. By |GaOH Theoreme 6.3] we get that {n — l)/(m — 1) = s/t. Conversely assume that 
{n — l)/s = (m — l)/t. Combining [BoODal Corollary 1.2] and [Bo09bl Theorem 1.1] we know 
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that the actions F„ r\ Xq" and r> 1^ ™ are stably orbit equivalent with compression 
constant (n — l)/(m — 1) = s/t. Hence the crossed product IIi factors are stably isomorphic 
with amplification constant s/t. The result applies in particular to L(Z;F„) = L°° ([0, l]'^") xF„. 

3. Assume that TZi is a treeable countable ergodic pmp equivalence relation and that LTZi = 
L7^2 for another pmp equivalence relation 7^2- Let c G [l,+oo] be the cost of TZi. If c = 1, it 
follows that 7^1 is amenable. Hence also LTZi = L7^2 is amenable, so that 7^2 is amenable. So 
TZi = 7^2- If c E (1, +oo], take s > such that n := (c — is a positive integer or +oo. By 
|Ga991 Proposition 2.6] the amplification TZf is treeable with cost n + 1. By |Hj05[ Corollary 
1.2] the equivalence relation TZf can be implemented by a free action of F„+i. This implies that 
L(7^f) = L°^{Z) X F„+i for some free ergodic pmp action F„+i r> Z. Since L(7^f) ^ L(7^|), it 
follows from Theorem O that 7lf = 7^|, i.e. that 7^l = 7^2. □ 

As in [PV091 Definition 6.1] a free ergodic pmp action F r\ {X,n) is called W* -superrigid if 
the following property holds: whenever A r\ {Y, rf) is another free ergodic pmp action and 
vr : \j°°{X) X r — 7- L°^(y) xi A is an isomorphism, the groups T and A must be isomorphic, their 
actions must be conjugate and vr is implemented by this conjugacy. More precisely, we find an 
isomorphism of groups (5 : F — )• A and an isomorphism of probability spaces A : X — t- 1" such 
that 

• A(g( • x) = 5{g) ■ A{x) for all € T and a.e. x £ X, 

• UTT{aUg)U* = A^{au;g)us(^g) for aU a G L°°{X) and all g e T, where [/ G L°°(y) x A is 
a unitary and {ujg)g,zY is a family of unitaries in L°°{X) defining a 1-cocycle for T r\ X 
with values in T. 

To formulate the next theorem recall that a pmp action F r\ {X, fi) is said to be a quotient (or 
factor) of the pmp action F r\ (Y, r]) if there exists a measure preserving map p : Y ^ X such 
that p{g ■ y) = g ■ p{y) for all (7 G F and a.e. y ^Y . Also recall that a group is said to be ice if 
it has infinite conjugacy classes. Finally recall that a subgroup A < F is called co- amenable if 
F/A admits a F-invariant mean. By |iMP03, Proposition 6] a subgroup A < F is co-amenable 
if and only if the subalgebra L(A) C L(F) is co-amenable in the sense explained in Section [2.51 

Theorem 12.1. Let Fi,F2 he ice weakly amenable groups that admit a proper 1-cocycle into 
a nonamenahle representation. Put F = Fi x F2. Let T r\ I he a transitive action and io G /. 
Assume that 

• Fi n Stabzo < Ti is not co-amenable, 

• F2 n Stabio < F2 is not of finite index. 

Then any free ergodic pmp action F r\ {X, n) that arises as a quotient of the generalized 
Bernoulli action F r> [0,1]^ is W* -superrigid. 

Theorem 112.11 will be a consequence of the following similar result for quotients of a Gaussian 
action F r\ (1^7^,/^^) associated with an orthogonal representation vr of F. 

Theorem 12.2. Let Fi,F2 be ice weakly amenable groups that admit a proper 1-cocycle into 
a nonamenable representation. Put F = Fi x F2. Let vr : F — )• 0{K^) be any orthogonal 
representation with corresponding Gaussian action F r\ (l^,^,^). Assume that 

• 7r|p^ is a nonamenable representation, 
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• 7r|p2 is a weakly mixing representation, i.e. a representation without nonzero finite dimen- 
sional invariant subspaces. 

Then any free ergodic pmp action T r\ {X, /i) that arises as a quotient of the Gaussian action 
r r\ (yn-j/^Tr) is W* -superrigid. 

Remark 12.3. Theorem 112.11 provides large new families of W* -superrigid actions. 

• In floTOl Theorem A] it was shown that a Bernoulli action F r\ (X, /x) is W*-superrigid 
whenever T is an ice property (T) group. In |IPV101 Theorem 10.1] the same was estab- 
lished when r = Fi X r2 is a direct product of a nonamenable ice group Fi and an infinite 
ice group F2. The conditions on Fi, F2 in Theorem 1 1 2 . 1 1 are of course much stricter, but 
we now also get W*-superrigidity for generalized Bernoulli actions and their quotients. 

• The following is an interesting class of generalized Bernoulli actions covered by Theorem 
112.11 Assume that F is an ice weakly amenable group that admits a proper 1-cocycle into 
a nonamenable representation. Consider the left-right action of F x F on / = F. Since 
both F X {e} and {e} x F act freely on F, the conditions of Theorem 112.11 are satisfied 
and it follows that all free quotient actions of F x F r% [0, 1]^ are W*-superrigid. 

• Generalized Bernoulli actions typically admit a lot of nonconjugate quotient actions. 
Indeed, whenever K is a second countable compact group, consider the diagonal action 
of K on which commutes with the generalized Bernoulli action F rx . Then 
F r\ /K is a quotient action of F . 

When F and its action T r\ I satisfy the conditions of Theorem 112.11 we will see in the 
proof of Theorem 112.21 that F r\ is cocycle superrigid. Hence it follows from |PV06t 
Lemma 5.2] that varying K, the actions F r\ /K are nonconjugate for nonisomor- 
phic compact groups K. So by Theorem 112.11 also their crossed product IIi factors are 
nonisomorphic when K varies. 

• As mentioned above, in [lolOl Theorem A] it was shown that the Bernoulli action F r\ 
{X,fj,) is W*-superrigid for all ice property (T) groups F. Theorem 112.11 does not cover 
property (T) groups, but in our forthcoming paper |PV12j . we will cover generalized 
Bernoulli actions of hyperbolic property (T) groups, as well as all their quotient actions. 

Proof of Theorem \12.2l Let F r\ {X, /i) be a free ergodic pmp action that arises as the quotient 
of a Gaussian action F r\ satisfying the assumptions in the theorem. Note that also 

F = Fi X F2 is a weakly amenable group that admits a proper 1-cocycle into a nonamenable 
representation. So because of Theorem 11.21 anv isomorphism tt : L°°{X) x F — )• L°°(y) x A with 
another group measure space construction satisfies, after a unitary conjugacy, tt(L°°{X)) = 
L°°(y). This means that vr is given by a scalar 1-cocycle (i.e. an automorphism of L°°{X) x F 
that is the identity on L°°{X)) and an isomorphism coming from an orbit equivalence between 
T r\ X and A r\Y. It therefore only remains to argue that F r\ {X, /i) is OE superrigid, i.e. 
that this orbit equivalence between T r\ X and A r\Y comes from a conjugacy of the actions. 

We claim that the action F r> 1^ satisfies the hypotheses of |Po06bl Theorem 1.1]. By |Fu06[ 
Theorem 1.2] this Gaussian action is s-malleable. Next we have to check that Fi r\ has 
stable spectral gap, i.e. that the unitary representation Fi r\ L^(y^) CI is nonamenable. 
This unitary representation is the direct sum of all /c-fold {k > 1) symmetric tensor powers of 
TT\ri- Hence it is a subrepresentation of vrir^ p, where p is defined as the direct sum of all 
A;-fold (k > 0) tensor powers of vr|p^. Since 7r|p^ is nonamenable, also 7r|pj (8) p is nonamenable 
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and it follows that Ti r\ Y^^ has stable spectral gap. Finally we have to check that r2 r\ 
is weakly mixing, i.e. that the unitary representation r2 r\ L'^(y^) Q CI has no nonzero finite 
dimensional invariant subspaces. This follows with a similar reasoning by using that vrip^ is 
weakly mixing. 

So it follows from |Po06bl Theorem 1.1] that F r% is cocycle superrigid with countable (and 
even more generally, Z^/fin) target groups. Since F is ice and since F y,r is weakly mixing 
(because even F2 ^ 1^ is weakly mixing as explained above), it follows from |Po051 Theorem 
5.6] that F r\ {X, fj,) is OE superrigid. So the theorem is proven. □ 

Proof of Theorem \12.1l The generalized Bernoulli action F r\ [0,1]^ is isomorphic with the 
Gaussian action associated to the representation F rv Since T r\ I is transitive, one has 

for any io & I that 7r|r^ is a multiple of Fi r\ £'^{Ti/{Ti n Stabio)) and that vrir^ is a multiple 
of F2 r> f{T2/{T2 n Stabio))- We conclude that 

• 7r|p^ is nonamenable if and only if Fi n Stabio < Fi is not co-amenable, 

• 7r|p2 is weakly mixing if and only if F2 H Stab^o < F2 is not of finite index. 

So Theorem 112.11 is a direct consequence of Theorem 112.21 □ 

Our unique Cartan decomposition theorem 1 1.2 1 can also be coupled with the work of Monod and 
Shalom [MS02j yielding the result below. To formulate it, recall that an ergodic pmp action 
F rv (X, fi) is called aperiodic if all finite index subgroups of F still act ergodically. Following 
|MS021 Definition 1.8] an ergodic pmp action A r\ (Y, rf) is called mildly mixing if there are 
no nontrivial recurrent subsets: if A C y is measurable and lim infg_^oo "^(5 ■ A/\ A) = {), then 
r]{A) = or r]{A) = 1. Note that for a mildly mixing action A rx (Y,r]) all infinite subgroups 
of A act ergodically on {Y,r]). 

Theorem 12.4. Let F = F„ x F^, for some 2 < n,m < 00. Assume that F r\ {X,fj,) is 
a free ergodic pmp action that is aperiodic and irreducible, meaning that both F„ and F^ act 
ergodically on {X, fi) . 

IfL°°{X) XI F = L°^(y) X A for any free mildly mixing pmp action A r\ (Y, rj), then F = A and 
the actions T r\ X and A r\Y are conjugate. 

Proof. Since F is a product of free groups, Theorem 11.21 applies. So the existence of an isomor- 
phism L°°{X) X F = L°°(y) X A implies that F r\ {X,fi) and A r\ {Y,rj) are orbit equivalent. 
Since free groups belong to the class C^eg of Monod and Shalom, it follows from jMS02i Theorem 
1.10] that the groups F and A must be isomorphic and that their actions must be conjugate. □ 

We finally prove Theorem 11.101 

Proof of Theorem \1.1(A Assume that (?:i?xF— T-iJxAisa *-isomorphism. As in the proof 
of Theorem O it follows that e{R) ^ R and R -< 6{R). By |IPP05[ Lemma 8.4] the subfactors 
0{R) and R are unitarily conjugate. So after a unitary conjugacy we may assume that 9{R) = R. 
This precisely means that the actions T r\ R and A r\ R are cocycle conjugate. □ 

Remark 12.5. Theorems 11.51 and 11.101 sav that for n ^ m we have P x F„ ^ Q x F^ both 
in the case of free ergodic pmp actions on abelian von Neumann algebras, and in the case of 
outer actions on the hyperfinite IIi factor. As illustrated by the following natural example, the 
result fails for arbitrary properly outer trace preserving actions. 
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Let TT : F2 — 7- Z/2Z be a surjective homomorphism and let 'L/2'L act nontrivially on a set with 
two points. Denote the composition with tt as ((jg)ggF2- Take any outer action {ag)g^^^ of 
F2 on the hyperfinite IIi factor R. Consider the action ag ® Gg of F2 on R ® C?'. Identify 
F3 = Ker TT and consider the action id (8) ag of F3 on M2(C) ® R. One canonically has 

{R (g) C^) X F2 = (M2(C) ® i?) X F3 . 
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